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'Comprehensive Support for Students in Mathematics subject seeking
to Overcome Past Setbacks.'

Specialized Mathematics Study Materials for HSC Students

Subject : Mathematics and statistics
(Arts and Science) Code : 40

OBJECTIVES OF THE BOOKLET

This booklet is prepared for the help of the students who will be appearing for the
Supplementary Examination and thereafter too. It is prepared as such students could not
score the minimum score to pass in the written Board examination held in February 2024.

This booklet is designed to boost the confidence of the students. It will definitely
help them to score good marks in the forthcoming examination. It will be a great support
for the students who lack behind others.

It is prepared in a systematic and easiest way by the expert teachers. The students
are aware of the text book as well as the examination pattern (MCQ’s, 1 Mark, 2 Marks,
3 Marks and 4 Marks questions). Still, this booklet elaborates every segment in detail.
It considers the level of the students.

By studying as suggested in the booklet, we are quite sure that the students will
be able to practice a lot with given guidelines. They will score and step into the world
of success.

The main objectives can be summarized as under :
1) To facilitate the essential study material to the students to confidently face the HSC

Board Examination.

2) To help every low achiever student to achieve 100% success at the HSC Board

Examination.

3) To motivate the students to score more than their expectation in the Mathematics

Subject which they find as most difficult.

4) To include tools and exercises that allow students to evaluate their own progress
and understand their improvement areas.

5) To help the teachers to reach out to students who struggle to pass in the Mathemat-
ics subject at the HSC Board Exam with the help of this material.

6) Each chapter in the booklet contains important concepts in short.

7) Based on these concepts simple solved examples are given.

8) Practice questions with hints and answers are given.

9) Two practice question papers will definitely help students.

N J
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INTRODUCTION

Dear Students,

It does not matter if you did not score well in the regular examination held
in February 2024. Remember, "every setback is a setup for a comeback." Your
previous attempt must have taught you something valuable. We believe in your
potential to overcome this hurdle and excel in your upcoming exams.

After a comprehensive analysis of the results, SCERT, Maharashtra, Pune
has taken an initiative for the upliftment of students who could not achieve the
minimum passing score. It was found that some fundamental concepts were not
clear to the students. Hence, a significant effort was made to prepare this booklet.

This booklet is designed specifically for those who did not achieve the desired
results in their previous Mathematics exam. We understand that facing a setback
can be challenging, but it also presents an invaluable opportunity for growth
and learning. Our goal with this booklet is to provide you with comprehensive
resources and targeted exercises to help you strengthen your understanding of key
mathematical concepts. We have carefully curated the content to address common
areas of difficulty and to reinforce fundamental principles essential for success in
Mathematics.

This booklet will help you to prepare for the supplementary examination.
Through a combination of clear explanations, step-by-step problem-solving
strategies, and ample practice questions, we aim to build your confidence and
competence in the subject. Remember, perseverance and a positive mindset are
crucial as you work through this material.

Use this booklet diligently, seek help when needed, and stay committed to
your studies. With dedication and effort, you can turn this experience into a stepping
stone toward academic success. This resource will also prove to be extremely useful
for teachers as they assist students in preparing for the supplementary examination.
It will boost your confidence to appear for the exam once again. New students in
the coming years can also benefit from this booklet. Best wishes for your journey
ahead.

\_ J
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Part I J

(1. Mathematical Logic)

1.1 Statement :
A statement is a declarative (assertive) sentence which is either true or false, but not both
simultaneously. Statements are denoted by p, ¢, 7, .....

Truth value of a statement :
Each statement is either true or false. If a statement is true then its truth value is 'T' and
if the statement is false then its truth value is F.

Following sentences are statements.
i) 5x2=11
ii) Every triangle has three sides.
ii1) Mumbai is the capital of Maharashtra.
Following sentences are not statements.
1) Please, give your Pen.
ii) What is your name?
ii1) Open the window.
Note : Interrogative, exclamatory, command, order, request, suggestion are not statements.
Let us learn these statements :

i) For x = 6 it is true but for other than 6 it is not true. Here, we cannot determine the truth
value.

i1) For ‘It is black in colour.” the truth value varies from person to person. In the above
sentences, the truth value depends upon the situation. Such sentences are called as open
sentences. Open sentence is not a statement.

Logical connectives, simple and compound statements :

The words or phrases which are used to connect two statements are called logical
connectives.

We will study the connectives 'and', 'or', 'if ..... then', 'if and only if ', 'not".

Simple and Compound Statements : A statement which cannot be split further into two
or more statements is called a simple statement. If a statement is the combination of two
or more simple statements, then it is called a compound statement.

"3 is a prime and 4 is an even number", is a compound statement.

"3 and 5 are twin primes", is a simple statement.
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1.2 Statement Pattern, Logical Equivalence, Tautology, Contradiction, Contingency.

1) Statement Pattern : Letters used to denote statements are called statement letters.
Proper combination of statement letters and connectives is called a statement pattern.
Statement pattern is also called as a proposition. p = ¢, p A g, ~ p Vv ¢ are statement
patterns. p and g are their prime components.

A table which shows the possible truth values of a statement pattern obtained by
considering all possible combinations of truth values of its prime components is called
the truth table of the statement pattern.
2) Logical Equivalence :
Two statement patterns are said to be equivalent if their truth tables are identical. If
statement patterns A and B are equivalent, we write it as A = B.
3) Tautology, Contradiction and Contingency :
e Tautology : A statement pattern whose truth value is true for all possible combinations
of truth values of its prime components is called a tautology. We denote tautology
by t.
Ex. Statement pattern p v ~ p is a tautology.
e Contradiction : A statement pattern whose truth value is false for all possible
combinations of truth values of its prime components is called a contradiction. We
denote contradiction by c.

Ex. Statement pattern p v ~ p is a contradiction.

e Contingency : A statement pattern which is neither a tautology nor a contradiction
is called a contingency.

Ex. p A g is a contingency.
Ex. 1) [(pvg vrle @y (v

plal|r|pvglevavr|qvr|pv(qVv |[pvgVvrl<[pVvi(gVr)]
T|T|T]| T T T T
T|T|F| T T T T T
T|F|T]| T T T T T
T|F|F| T T F T T
FlT|T| T T T T T
Fl{T|F| T T T T T
FI|F|T]| F T T T T
F|F|F| F F F F T

All the truth values in the last column are T, hence it is tautology.
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Ex.2) pArp—>~q)] > ¢q

Pl a4 |~q|p=>~q|pVMp=>~q|pV P>~ —>q
T| T | F F F T
T|F | T T T F
F| T | F T F T
F| F | T T F T

Truth values in the last column are not identical. Hence it is contingency.
Ex.3) prgAr(~pVv~0

rla|~»| ~ |[|prg |~>pVv~qg|@ArDA(CPA~)
T| T | F F T F F
T| F | F T F T F
F| T | T F F T F
F| F | T T F T F

All the truth values in the last column are F. Hence it is contradiction.

Ex. 4) Prove thati)p > g=~pvgq i)p—>qg=@>qQAr(g@—>p

| oI v v VI VII VIII

Pl 49 |~ (P99 >P| P4 ~p =9 P=2>9gNg—=p
T T F T T T T T

T| F F F T F F F

F| T T T F F T F

F| F T T T T T T

Columns (IV, VII) and (VI, VIII) are identical.
p—>qg=~pvgandp <> g=(@ > q) A (g > p) are proved.
1.3 Quantifiers, Quantified Statements, Duals, Negation of Compound Statements, Converse,
Inverse And Contra positive of Implication.

Quantifiers : A sentence that contains one or more variables is called an open sentence.
An open sentence becomes true or false statement when we replace the variables by some
specific values form a given set. The phrases that quantify the variables in open sentences
are called quantifiers.
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There are two types of quantifiers.

(i) Universal quantifiers : The quantifiers 'for all' or 'for every' is called universal
quantifiers and is denoted by V.

(ii) Existential quantifier : The quantifiers' for some' or' for one' or 'for each' or 'there exist
at least one' or simply' there exists' is called existential quantifier and is denoted by 3.

Quantified statement : An open sentence with a quantifier becomes a statement in logic.
Such statement is called a quantified statement. i.e. statements involving quantifiers are
called quantified statements.

Remarks :

(1) Every quantified statement corresponds to a collection and a condition.

(i) A statements quantified by universal quantifier for all 'V' is true if all objects in the

collection satisfy the condition and is false if at least one object in the collection does not
satisfy the condition.

(i11)) A statement quantified by existential quantifiers '3' is true if at least one object in the
collection satisfies the condition and is false if no object in the collection satisfies the

condition.
Ex.1) IfA={1,2,3,4,5, 6, 7}, determine the truth value of the following.
1) 3x € Asuchthatx —4 =3 yvxeA, x+1>3

Solution : i) Forx=7,x-4=7-4=3

. x = 7 satisfies the equation x — 7 =3

. The given statement is true and its truth value is T.

ii) Forx=1,x+1=1+1 =2 which is not greater than or equal to 3.

oo Forx=1x%>+ 1> 3 is not true.

.. The truth value of given statement is F.
Duals : Two compound statements S, and S,, are said to be duals of each other if any
one of them can be obtained from the other by replacing conjunction (A) by disjunction

(v) and vice versa. The connectives A and v are called duals of each other. e.g. The
dudls of p v gisp A gq.

Remarks :

(i) If a compound statements 'S' contains tautology then is denoted by 't' and if it
contains contradiction then it is denoted by 'f'.

1

(i1)) Two statements contain logical connectives like A, v and letters 't' and 'c' then
they are said to be dual of each other if one of them is obtained from other by
interchanging with A and v and 't' with 'c'. eg. The dual of ‘t A p' is ‘c v p’ and

the dual of ‘t v p'is ‘c A p’
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(iii) The symbol negation '~' is not changed while finding dual.
(iv) The special statement t and ¢ are called dual of each other.
(v) The results ~(pArqQ=~pv~qgand ~(p v q) =~p A~ q are known as
'De-morgan's laws'. These results are called duals of each other.
Principle of Duality :

e If a compound statement S, contains only ~, A, v and statement S, is obtained from
S, by replacing A by v and A by A then S, is a tautology if S, is a contradiction.

Ex. 1) Write the duals of each of the following :
D pAal~qgv@nrgv~r] i) (pvagnt
my@Evgegvr=pvgvr) wv)yepAabviecan~gqg)
Solution : 1) pv[(~gA (Vg A~T1] i) (p A gq) ve
) @AgyAnr=pna(gnar) iv) (p ve)a(tv ~q)
Negation of compound statements :

The negation of simple statements is obtained by inserting 'not' at the appropriate place
in the statements.

The following rules are considered to form the negation of a compound statement.

(1) Negation of Negation : The negation of negation of a simple statement is the statement
itself. If p is a simple statements then ~ (~ p) = p.

(2) Negation of conjunction : The negation of p Agis~pv ~qgie.~(pAg =~pvVv~q
The negation of "6 is even and perfect number" is "6 not even or not perfect number".

(3) Negation of disjunction : The negation of p vgis~pA~qgie.~(pVv g =~pA~q
The negation of "x is prime or y is even" is "x is not prime and y is not even".

(4) Negation of implication : The conditional statement "If p then ¢" is false only in the case
"p is true and ¢ is false". In all other cases it is true. The negation of the statement, "If
p then ¢" is the statement "p and not ¢". i.e. ~(p > q) =p A ~¢q

(5) Negation of biconditional : The negation of the statement "p if and only if ¢" is the
statement "p and not ¢, or ¢ and not p".
Le.~peog=@Pnr~qVv@gnr~p)

(6) Negation of quantified statement : The negation of a quantified statement is obtained by
replacing the word 'all' by 'some', 'for every by 'there exists' and vice versa.

Ex. Write the negations of the following.

i) 3+3<S5o0or5+5=9
Solution : Letp : 3 +3<5:¢9g:5+5=9
Given statement is p v ¢ and its negation is ~(p v g) and ~(p vV g) =~p A~ ¢q

.. The negation of given statement is 3 + 3 >5and 5+ 5 # 9
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ii) 7>3 and 4 > 11
Solution : Let p : 7> 3 ; g : 4 > 11 The given statement is p A ¢
Its negationis ~(p Ag)and ~(p A q)=~p Vv ~q
.. The negation of given statement is 7 < 3 or 4 < 11
iii) The number is neither odd nor perfect square.
Solution : Let p : The number is odd
g : The number is perfect square.
Given statement can be written as 'the number is not odd and not perfect square’'
Given statement is ~ p A ~ ¢
Its negation is ~ (~p A ~q)=p Vv q
The negation of given statement is "The number is odd or perfect square’'
iv) The number is an even number if and only if it is divisible by 2.
Solution : Let p : The number is an even number.
q : The number is divisible by 2.
Given statement is p <> ¢
Its negation is ~ (p <> q)
But~(p o g =@Ar~qVvgn~p)
.. The negation of given statement is :

'A number is even but not divisible by 2 or a number is divisible by 2 but not even'.

v) All natural numbers are rational.

Solution : Some natural numbers are not rational.

vi) Some students of class X are sixteen year old.

Solution : No student of class X is sixteen year old.
vii)3 n € N such that n + 8 > 11
Solution : Vn € N, n+ 8 < 11
viii) V x € N, 2x + 1 is odd
Solution : 3 x € N such hat 2x + 1 is not odd.
Converse, Inverse and contra positive :

From implication p — g we can obtain three implications, called converse, inverse and contra
positive.

1) g — p is called the converse of p — ¢

i1) ~p — ~ q is called the inverse of p — Ex.
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1) ~ g — ~ p is called the contra positive of p — Ex.

Ex. 1) Write the converse, inverse and contra positive of the following statement
'If a function is differentiable then it is continuous.'
Solution : Let p : A function is differentiable
q : A function is continuous.
.. Given statement is p — ¢
1) Its converse is ¢ — p
If a function is continuous then it is differentiable.
il) Its inverse is ~p —> ~q
If a function not differentiable then it is not continuous.
ii1) Its contra positive is ~ q = ~ p

If a function is not continuous then it is not differentiable.

Exercise 1.1

1) Write down the following statements in symbolic form.
1) A triangle is equilateral if and only if it is equiangular.
i1) Price increases and demand falls.
2) Write the truth values of the following statements.
1) Two is the only even prime number
ii) cos(20) = cos’0 — sin’0, for all BeR
i) 3 n € N such thatn + 5 > 10
3) Write the dual of the following statements.

)pvgnat 1) Madhuri has curly hair and brown eyes.
i) ~p A(qQ Vo) iv) 'Shweta is a doctor or Seema is a teacher.'
V) pA~p=CcC

Exercise 1.2

1) Write the truth values of the following statements.
1) 2 is a rational number and V2 is an irrational number.
ii)2+3=50r V2 +V3 =15
iii) V5 is an irrational number but 3 + /3 is a complex number.
iv) If the statements p, g are true statements and 7, s are false then determine the truth

value of (p > gq) v (r > 9)
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v) If p, q, r are the statements with truth values T, F, T respectively then find the the
truth value of (r A g) & ~p

vi) Vn € N, n + n is an even number and n’ — n is an odd number.

2) Write the negations of the following statements.
i) Vne Nyn+7>6
i1) The kitchen is neat and tidy
1i1) All students of this college live in the hostel
iv) 6 is an even number or 36 is a perfect square
v) If diagonals of a parallelogram are perpendicular, then it is a rhombus.
vi) Mangos are delicious, but expensive.
vii)A person is rich if and only if he is a software engineer

Exercise 1.3

1) Using truth table prove that :

) ~pvge=~pnr~q i) peog=@—>9r (@ —p)
) ~pAg=~p—>~q) W)y~pAqg={PVvgr~p
V) pAg) >r=p—>(@q—>7) vi)p>g=pPnrq)Vv(~pA~q)

vil) p A @) vV ~qg=p Vv ~q
2) Examine whether the following statement pattern is tautology, contradiction or contingency.
D @P>9eEpve pnr~qg @9
i) (~p A ~q) v q iv) P Arg) v (pnrr)
VYpvgvrepvigvrn vi)[p—>9) Aql—>p
3) Write the converse, inverse and contra positive of the following statements :
1) "If two triangles are congruent then their areas are equal."
i1) "If it rains then the match will be cancelled."
iii) "If an angle is right angle then its measure is 90°"

iv) "If a sequence is bounded, then it is convergent."
v) "If x < y then x> < "

NARH
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( 2. Matrices >

2.1 Elementary Transformation : Two types of elementary transformation of a matrix.

1) Row transformation 2) Column transformation

Elementary Transformation are as follows :

)

b)

&)

Interchange of any two rows or any two columns :
Interchange of i™ row and j™ row is symbolically denoted by R, <> R,

Similarly we apply transformation for column also.

For example, if 4 =[; Z]then R, & R, gives the new matrix A~[:1)’ ;]

The Symbol ~ is read as equivalent.

Multiplication of the elements of any row or column by a non zero scalar :
If K is non zero scalar and row R;is multiplied by constant K then Symbolically the
transformation is denoted by KR, or R; > KR,

-3 6
5 4

Similarly we can apply transformation for column also.

For example if 4 =[_51 Z] then R; — 3R; gives A~[

Adding the scalar multiples of all the elements of any row (column) to corresponding
elements of any other row. (column)

If K is non zero scalar and the K multiples of the elements of R; are added to
the corresponding elements of R; then transformation symbolically denoted as
R, > R; + KR,

For example, If 4 =[i _51] and K = 2 then R, > R, + KR, gives

[ 2 -1 ] 2 ~1
A~ |4 4202 s5+201] 4 [8 3
We can apply transformation for column also.

Square Matrix : A matrix in which number of rows and number of columns are equal
is called Square Matrix. i.e order of the square matrix is m x m, n x n, 2 x 2,3 x 3
etc.

2.2 Inverse of a matrix :

If A is square matrix of order m and |4] # 0 then A~!is the inverse of A.

we can write A4 =1 orA7'4 =1

Note : Where I is the identity matrix of order m.
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1 2 100
Identity Matrix of order 2 and 3 : /,= [ ] and ;=0 1 0

3 4
001
Matrix A is invertible if 14| = 0.

Inverse of non singular matrix of order 2 or 3 by using two methods.
1) Elementary transformation :

a) Elementary row transformation.

b) Elementary column transformation.
2) Adjoint method :

In this adjoint method, for finding the inverse of a square matrix of order 2 or 3, we
find-

1) Minors of each element g;; and it is denoted by M;;
ii) Co-factors of each element g; and it is denoted by 4;; and 4;; = (—1)i+j. M;;
ii1)) Adjoint matrix of a given matrix is adjoint of A = [cofactor matrix of A]T

adjoint of A
Al

Application of matrices : System of linear equations solve by using matrix.

iv) Formula : 47! =

1) Method of Reduction : Consider AX = B and reduce matrix A into upper triangular
matrix by using elementary transformation. Thus the required solution is obtained.

2) Method of inversion : consider X = 4A™'B and Find 47!, by putting 4! and constant
matrix B in X = 47'B gives the required solution.

Ex. 1) Check whether the following matrices are invertible or not.

: 132
DA= [2 1] ii) B = [‘30599 sind iy C=[31 2
4 2 —sin® cosO
123
Solution : 1) |A| = [2 ! =4-4=0
4 2
- A is singular matrix.
.. A is not invertible.
i) 1Bl = [C"Fe sinBl — 06520 + sin0 =1 = 0
—sin® cosH
Bl #0
.. B is non singular. .. B is not invertible.

." Standard - XII : Subject - Mathematics and Statistics (Arts and Science) Part-1: 10 ".



iii) ICl = é ? ;] =13-4)-309-2)+2(6-1)
123
= 1(-1) =3(7) + 2(5) = -1-21 + 10
=-12%0
ICl = 0

.. Cis non singular.

.. C is invertible.
Ex. 2) Find the inverse of matrix 4 = [; i] by elementary row transformation.
Solution : As |A| = ; i]: 4—-6=-2=%0 .. A" exists.
Let 4 47'=1

12 1_[10]
34]‘4 o1

By using elementary row transformation,
Using R, — 3R,

Qe e

. 1
U - =R
sing y R
| 2 1 1 07
[OIA - i__l
2 2

Using R, — 2R,

1 07, -2 1
: [0 S
L D 2 J
-2 1 -2 1
R IA_IZ 3 -1 .'.A_IZ 3 -1
2 2 2 2

Ex. 3) Find the inverse of matrix 4 =B _21]

]:-1-4:-5¢o

by using elementary transformation.

|

Solution : As || = [2 1

. A" exists.

Let A A '=1
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S 2] a1 0
. A7 =
[2 —1] [0 1
By using elementary row transformation,

USlIlg R2 - 2R1

e[

Using—%R2
1 2 1 L0
; [0 N
5 5
USlng R1_2R2

12
.‘[1014—1: 5 5
24

5

01
5

1l 2

S = |2
2 -1

5 5

1 2

oA = |2
2 -1

5 5

x00
Ex. 4) If4=|0 y 0 ] is non singular matrix then find A7! by elementary row transformation
hence write the inverse of [ 1 ¢
00-1

Solution : Given A is non singular matrix. .. 47" exists.

Consider A4 =1

x00 100
~loyolat=]o10
001

00 z
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Applying (i) R, , (%) R, , (i) R,

X zZ
1
100 x?o
lorolat=], Ly
001 Y
0 0 —
z
1 |
;OO ;00
R 1 - 1
.IA—O_O .Al—o_o
Y Y
00— 0 0 —
z z

1
5 00

20 2
Hence Inverse of matrix |0 1 0 |1s| g 1 0

Ex. 5) Find the inverse of A =

el
W A W
AW W

133
Solution : As |[A|= |1 4 3
1 34

Consider AA'=1T

133
|1 4314t=

1 34

0 0-1
0 0 -1

1(16 — 9) — 3(4 — 3) + 3(3 — 4)

1(7) -3(1) + 3(-1)=7-3 -3
10

100
010

001

. A" exists.

Using R, — R, and R; — R,

A=

EENL VS BN VS)

Usin 3R,

o= o X WwWh W
|

.oo,_:@.,_;,_;,_..
—_ o W
™
Il

100
-110

-1 01

4 -3 0
-1 10

-1 0 1
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103 7 -3 -3
IOIO]A1 -1 1 0]
001 -1 0 1
7 -3 -3 7 -3 -3
.47 =1 1 0 LA =11 0]
-1 0 1 -1 0 1

Ex. 6) Find cofactors of the elements of A :[; ‘2‘

SOllltiOIl . Hel’e all = 1, 012 = 2, 021 = 3, 022 = 4

Minors are cofactors are 4; = (-l)i o, M,
M,, = Minor of ay, = 4 Ay=(D'"la=4
M,, = Minor of ay, =3 Ap=(- 1)1+2 =3

M, = Minor of a,; =2 Ay = (- 1) =2
M,, = Minor of ay, = 1 Ay = (- 1)2+2 1=1

Ex.7) Find the adjint of matrix 4 ~[2 3]

SOllltiOH H Hel‘e CIH = 2, 012 = _3, 021 = 3, 022 = 5

Minors are cofactors are 4; = (-l)i H M;
M,, = Minor of a;, = 5 Ay=(-1'""5=5
M,, = Minor of ay, =3 Ap=(-1)'"23=2:3

M,, = Minor of ay; = -3 Ay = (—1) .(—3) =3

M,, = Minor of ay, = 2 Ap=(-1Y"2=2

. . [5 -3
Cofactor matrix 15[3 2]

53]

Adjoint of 4 = (Cofactor matrix of A)” = [ 3 5
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Ex. 8) Find the inverse of matrix 4 = [:; g] by adjoint method.

Ex. 9) Find adjoint of matrix 4 =

Solution : Here,
Minors are
a,=—IM; =2
a;, =5M;,=-3
ay =—3M,, =5
ayy =2M5, =—1

cofactors are
1+1

A= My=1.2) =2
Ap =DMy = (-1)(-3) =3
Ay = (17" My = (-1).5 =5

242
Ap=(-1) : My =1.(-1) =-1

.. Cofactor matrix is[ 25 _51]

. Adj A = (Cofactor matrix of A)' =

2 —5]
3 -1

|;g|=[‘; ?:—2—(—15):—2+15=13¢0

Solution : Here,
Minors are )
aj =3M, = ; ?
oL}
onmiyf} §
oo [} §

2 =3
]: 13 13
3 -1
13 13

cofactors are
1 +1

A11: (—1) Mn:1
1+1
A12= (—1) j\412=—1
1+3
A13: (—1) v M13:0
2+1
A21 = (—1) M, =- (—2) =2
242
A22: (—1) " M22= 3

2+3
A23 = (—1) " M23 =-2

3+1

Ay = (-1) M;,=-2
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36 342
032=2M32=[1 2]=0 Az = (1) " M;, =0

32 343
033:5M33:[1 1 =1 Asz= (1) v My =1

1“1 A13 1 -1 0
»Anl=12 3 2
32 A33

Cofactor matrix of 4 is | 4,,

CNEN NN
SN NN

. 2 0 1

Adjoint of 4 = [cofactor matrix of A]"

1 2 =2
Adjd=1|-1 3 0
0 -2 1
326
Ex. 10) Find the inverse of the matrix A where 4 =|1 1 2| by using adjoint method.
225
Solution : refer Ex No. 8 to find adj A.
1 2 2
Adjd=1|-1 3 0
0 -2 1
326
A=1112
225
=35-4)-2065-49)+62-2)=3(1)-2(1)+0=3-2=1%0
. A7! exists
adi A : 1 2 -2
B . LI Bl o]
0 -2 1

Ex. 11) Express the following equations in matrix form and solve them by method of
reduction.
x+3y=2;3x+5y=4
Solution : The given equations can be written in matrix form as,

<L) G
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(13 _x] _[2]
WhereA—[3 5],X—[y , B = 4

Consider AX =B

-5 SIE-

Applying R, - R, —3R;
o SIBHL
0 -=5Ilyl [-2

=L

By equality of matrices

X+3y=2 i (1)
-4y =-2 2)
From (2)y = %
Substituting y = % in (1) we get x = %
X = % and y = % is the required solution.

Ex. 12) Solve the following equations by inversion method.

X+y=42x-y=>5

Solution : The given equations can be written in matrix form as,

2l B[S

Which is in the form of AX = B

11 _x] _[4]
Where 4 = [2 _1],X_[y , B = s

1Al :[; _11]: -1 2=-3%0 .. A exists

We know that X = 4'B
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" [x]=[ﬂ - x =3,y =1 is the required solution.
y

Ex. 13) Express the following equations in matrix form and solve them by method of
reduction.

X+y+z=6;,3x-y+3z=6;5x+5y—-4z=3

Solution : The above equations can be written in the form

AX =B

REItRE

Using R, — 3R, and Ry —5R;

[ 1 171 T1x 6
04 0 vyl =1-12
|0 0 9] Lz 27

'x+y+z'
L -9z —27

By equality of matrices

X+y+z=6

p—

dy=-12 —y=—Z_3
—4

9z = 27 :>z=_—297:3

~X+Yy+z=06 becomes

xX+3+3=6

x=0

~x =0,y =3,z =3 is the required solution.
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Ex. 14) The sum of three numbers is 6. If we multiply third number by 3 and add it to
the second number we get 11. By adding first and the third numbers we get a
number which is double the second number. Use this information and find a system
of linear equations. Find the three numbers using matrices.

Solution : Let the first, Second and third number be x, y, z respectively.
From given data, x + y +z = 6
3z4+y=ll =>y+3z=11
X+z=2y=>x-2y+z=0
Hence the system of linear equations are
X+y+z=6
y+3z=11
X—-2y+z=0

The above equations can be written in matrix form as:

I 1 17X 6
0 1 3f|yl=]11
1 -3 1llz 0

Applying Ry — R,

1 1 17[x 6
0 1 3|y =[11]
|0 -3 0Lz —6
(X +V + ZT 6
y+ 3z [11]
=3y —6,

By equality of matrices

X+y+z=6

y+ 3z =11

3y=-6 x=1

Solving these we get x =1,y =2,z=3

Hence three required numbers are 1, 2, 3.
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Exercise 2.1

1) Apply the given elementary transformation on each of the following matrices.

. 5 4 .. 1 -1 3]

1) A:[l 3],C1(—)C2 ll)B: 2 5 4-,R1—)R1+R2
1 2 -1 1 -1 3]

i) 4 = [ ], 2C, iv)A4=12 1 0], 3R; and then R; + 3R,
01 3 3 031

2) Find the value of k if 4 = B ﬂ and A (adj A) = KI

3) Find A if 4 = [ 7‘1 i]and A~! dose not exist.

4) Find which of the following matrices are invertible.
11 12 343
o[ ol w

110
S) If A = ﬁ ;] and B = B ?]Find AB and (4B)"!

145

6) If A = [‘2‘ ﬂ then show that A“z% A - 5I)

7) Find the cofactors of the elements of the following matrices.
N [T 3
VL 4] ) [4 —1]

8) Find the adjoint of the following matrices :
326

~[4 5 .. [2 =2
EH I I

9) Find the inverse of the matrix B ;]by elementary transformation.
10) Find the inverse of the matrix by adjoint method.

i [_1 5] i) [cos@ —sin6
32

sin®  cos0O
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11) Find the inverse of

1 2 3
[1 1 5] by using a) elementary row transformation
b) adjoint method.

2 47

12) Solve the following equations by method of reduction.
)2x+y=53x+5y=-3
mx—-—y+z=32x-y=1;3x+3y—-4z=2

13) Solve the following equations by method of inversion.

Dx+2y=22x+3y=3

x+y+z=-L;y+z=2x+y—-z=3

NS
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(3. Trigonometric Functions)

The Principal Solution : The value of variable x which satisfies the trigonometric
equation is called principal solution of trigonometric equation where 0 < x < 27

. N3 . T _2n
Ex., sin x = 5 ISX—3,GndX— 3

1

1) Find the principal solutions of sin6 = 2
: . 1
Sol. : Given that, sin = NG

T

we know that, sin i and sin® = sin (1—-0)

5-

'sin£=sin(n—£) L
T 4 47 N2

. T . 3n .
1.e. sin — = sin — = sin0O
4 4

hereO<%<2nand0<%<2n

. _ T _2rn . . . 1
. 0= 3 and 6 = 3 are the principal solutions sin® = D

2) Find the principal solutions of cos6 = — %

Sol. : Given that, cosd = — %

1
We know that, cosgzjand—cosezcos (m — 0) = cos (n + 0)
: —cosﬂzcos(n—ﬂ):cos(n+£)
' 3 3 3
: ———cosﬁ—cos‘l—7t
2 3 3

1.e cosE):cos2—1t:cos4—Tc
e 3 3

WhereO<23—n<2nand4Tn<2n

1
0= 2775 and 6 = 43_n are the principal solutions cosf — 5
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3) Find the principal solutions of tan6 = —1

Sol. : Given that, cos6 = — 1

We know that, tan I_ I and — tan® = tan (w — 0) = tan (27— 0)

4
- _ tan % = tan (n - %): tan (2n — %)
" —1=tan'QZTn:tan%t
i.e. tanf = tan%: tan?T7T

where0<%<2nand0<%<2n

_ 3 and 6 = 77? are the principal solutions tan 6 = — 1

4

The General Solution : The general solution of trigonometric equation the general
solution which generalized by using its periodicity.

n 2n Tn

3030 3

Theorems : For all n € Z, the general solution of

Ex., General Solution of sin x = £g is X =

1) sinB = 0 implies® = nn

2) cosB = 0 implies® = (2n + 1)

3) tan® = 0 implies® = nn
4) sinO = sina implies® = nn + (-1)"a

5) cosB = cosa implies® = 2nw + a

6) tanB = tana implies® = nmt + a and 0 and a are even multipal of %

7) sin’@ = sin’a impliesd = nw + a

8) co0s’0 = cos’a impliesd = nn + a

9) tan?0 = tan’a impliesd = nn + a
10) a cosO + b sinb = ¢ impliesd = 2nm + a + B, a,b,c € R and a,b,c # 0

C

) b a
where sing = ———=, cosd = ———, cosp = ——
&+ b N&® + b P @ + b?
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1) Find the general solution of the equation cosec6 = — /o

Sol. : Given that, = — /o

- sing - - —= but sin % = ——
. SINo = \/? ut Sin 4—\/7
. sin9=—sin%
". sinO = sin (n+ 4) “sin (T + 0) = — sinO

- ind = sin [T
. sin® = sin (4)
we know that, sin® = sina implies® = nn + (—1)"a

© 0=+ (—1)"(%“), nez

is general solution of trigonometric equation

1
2) Find the general solution of the equation cos26 = — —
Sol. : Given that, c0s20 = — == but cos - = =
ol. : Given that, cos20 = — "= ut cos - = 1
. c0s26 = — cos %
T
. €0s20 = cos(n — ?) .. cos (m—0)=—cosO

- sind = sin [3T
.sm9—51n(4)

we know that, cos® = cosa implies® = 2nn + A

26:2nni%,nez

'.9=nni%,nez

is general solution of trigonometric equation
3) Find the general solution of the equation tan36 = — 1

Sol. : Given that, tan30 = — 1 but tan % =1
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l

- tan30 = — tan 4
T

- tan30 = tan (n - X) -+ tan (mw — 0) = — tanO
: _ 3n

. tan30 = tan (4)

we know that, tan® = tana implies® = nnt + a

.39 = 3n
030 =nm + 1

nm
0= 3t %, nez

is general solution of trigonometric equation
4) Find the general solution of the equation cos50 = sin30

Sol. : Given that, cos50 = sin30
. c0s50 = cos (% - 39) sin@ = cos (% - 9)

we know that, cos® = cosa implies® = 2nt + A

- 50 = 2nm + (5 - 30

T

56=2nn+(2 —36)0r59:2nn—(£—39)

2

560 = 20 + 2~ 36] or 50 = 207 — 7 + 30)

n n
580 =2nw+ —or0=nm—-—
2 4
is general solution of trigonometric equation

5) Find the general solution of the equation 4sin’* 0 = 3

Sol. : Given that, 4sin’0 = 3

2
3

. sin%0 = il (%)

. sin*0 = sin’ %
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we know that, sin’0 = sin’a impliesd = nt + Q

'.G:nni%,nez

is general solution of trigonometric equation
6) Find the general solution of the equation tan’0 — tan6 = 0
Sol. : Given that, tan’0 — tan6 = 0
o tan® (tan’0 — 3) =0
oo tan® = 0 or tan’0 — 3 =0
. tan® = 0 or tan’0 = (V3 )2

T
o tan® = 0 or tan?0 = tanz?

we know that, tan® = 0 implies® = nt and tan’0 = tan’a impliesd = nn + a
eznnorGZnRi%,neZ
is general solution of trigonometric equation

7) Find the general solution of the equation cos® — sin6 = 1
Sol. : we know that, if a sin x + b cosx = ¢ then divide by Na® + b’

Given that, cosf — sind = 1

divide both sides by 4/ 12 4 (_1)2

\/7

1 | 1

N0 cosO — D) sin® = _\/5
. b .o
1.e. cos 4 cosO — sin 4 sin® = cos 4

. COS (% + 9) = cos %

We know that, cos® = cosa implies® = 2nm + a

'.£+6=2mci£
4 4
L0=2nm+ -
4 4
9=2nnor9=2nn—%

is general solution of trigonometric equation
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Exercise 3.1

1) Find the principal solutions of following equations.

1)cosO = %, 2) coth =3, 3) cotd = —+/3, 4) sinf = %

2) Find the general solution of the equation.

1) sin® = £§, 2) cosx = ﬂg, 3) cos40 = cos20, 4) 4cos’0 = 3
5) sin® = tanO, 6) sec’20 =1— tan20

Polar Co-ordinates :
Cartesian co-ordinate of P be P(x,y) whose polar co-ordinates are P (7,0)

Where x = r cosO and y = r sinf

r=\/x2+y2 andtan9=% i.e.9=tan’1% where 0 < 0 < 2%

1) Find the Cartesian coordinates of pointswhose polar coordinates are(4,m/2)

Sol. : Given that, polar coordinates are (r, 0) = (4, % )

Cartesian co-ordinates are (x,y) = (r cos0, r sinf)
so(y) = 4 cos &, 4 si ﬂ) = (0,4
(x,0) cos > sin > (0,4)

2) Find the polar coordinates of points whose cartesian coordinates are (- 2, 2)

Sol. : cartesian coordinat es are (x,y) = (— N2, 2 )

rP=x*+YP=2) P+ 2)Y =4 . r=2 . ralways positive
and tan® = £ -1
N2
given point lies second quadrant and 0 < 0 < 2n
*tan = —1=> 0 =135° or 2%

Polar coordinates are (1,0) = (2,’%)
Theorem : The Sine Rule : If 4,B,C are the measures of the angles of a AABC
and a,b,c are the lengths of sides BC,AC,AB respectively, then

a b

= = = 2R where R is the circumradius of A4BC.
sinA sinB sinC
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Different forms of Sine rule :
a _ b _ c
sinA sinB sinC

1) =2R
i1) a = 2R sinA,b = 2R sinB,c = 2R sinC
a _ b _ ¢ _ k

) —— = —— = —
SInA sinB sinC

iv) b sinA = a sinB, ¢ sinB = b sinC csinA = a sinC

a smA p  sinB
v) b sinB” ¢ sinC

Theorem : The Cosine Rule : If 4,B,C are the measures of the angles of a AABC
and a,b,c are the lengths of sides BC, AC, 4B respectively, then

P+c?—a

1) @ = b*>+ ¢* — 2bc cosA OR COSA = ————
2bc

@+ - b?

2) b* = @+ ¢* — 2ac cosB OR cosB=——"——
2ac

a+ b - ¢

3) 2= ad+ b*—2ab cosC OR cosC = Tobe

Theorem : The Projection Rule : If A,B,C are the measures of the angles of a
AABC and a,b,c are the lengths of sides BC,AC,AB respectively, then

1) a= b cosC + ¢ cosB
2) b = a cosC + ¢ cosA

3) ¢ = acosB + B cosd
Application of Sine rule, Cosine rule and Projection rule :
Half Angle Formula :
i) In A4BC, if 2s = a+ b + ¢ then

A B C
A 5=D)s—0) = -a(s-c) G = _ . [(s-a)(s-D)
2 \/ bc M2 \/ ac o \/ ab

ii) In AABC, if 2s = a + b + ¢ then

cos%:'\fs(s_a),cos%: '\'S(S_b), cos%: '\’S(S_C)
bc bc ab
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iii) In AABC, if 2s = a + b + ¢ then

WA 6060 oy B [GaG-0) 0 C L [G-a-b)
“ 2_\/ s(s—a) i 2_\/ s(s—b) Y 2_\/ s(5—0)

Area of Triangle :

The area of a triangle ABC is given by,

1 1 1
A(AABC) = 5 ab sinC = S5 ac sinB = 5 bc sind

Heron’s Formula : If gb,c are the lengths of sides BC,AC,AB of AABC and a + b +
¢ = 2s, then A(A4BC) = \/s(s —a)(s—b)(s—c)
Examples on Sine rule, Cosine rule and Projection rule and their Applications :

1) In AABC, if ZA = 45°, ZB = 60° then find the ratio of its sides.

Sol. : Given that, In AABC, ZA = 45°, /B = 60° and A+B+C = 180° .. C = 75°

Here, sin60° = £§ sin 45° = T; and
sin75° = sin(45°+30°) = sin45 cos30+cos45 sin30
_1y3 11 V34l
V2O 2 N2 2 242
We know that, by sine rule, a b _ ¢

sinA sinB sinC
a a _ a

" sin60° sin75° sin45°

a__b _c abc:ﬂ'\/?Jr1 L
V3 3 41 1 2 2\2 N2
2 N2 V2

wa b:c=+¢g 3 +1:2 (multiply by 2+/2)

2) In AABC if a =2, b =3 and sinA = % then find B.

a b

sinA sinB

Sol. : By Sine rule,

S | B=90° =~
_sinBsmB_ B = =5

SIS
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3) In AABC, if cos then show that AABC is an isosceles.

Sol. : We know that, by sine rule, By Sine rule, a __b

S

~a=ksin Ab=ksin Band ¢ = k sin C

given that cosA = cosB
a b
- cosA _ cosd
k sinA k& sinB
. cot4 = cotB

.. A=B .. AABC is an isosceles
4) Solve the triangle in which @a =2, b =1, and ¢ = V3
OR

sinA sinB

sinC

In AABC, a=2,b=1,and c = V3 then find cosA, cosB, cosC

Sol. : Given that, a=2, b =1, and ¢ = V3
We want to find angles 4,8,C of AABC

We know that, by cosine rule,
Prcd-a 1P+ (3y-22 1+3-4

cosd = = -0
2be 2(0V3 3
cosd =0 ie. A= %
F+cF-b 2+ W3)P-12 4+3-1 6 3
and cosB = = = = =
2ac 2003 NEY M3 23
. 3 . T
. cosB = 5 1.e. B= 6
§ cosC d+b - 2+12-(N3P? 4+1-3 2
mecost =" T 2001 =T 4 T4

A4 B a+ b -
5) In AABC, Prove that <24 , €0B  cosC
a b c 2abc

cos4 cosB  cosC
+ +

Sol. : LHS =
a b c

By cosine rule,
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bP+c*-a a+ c? - b? a+ b*+ ¢
2bc + 2ac + 2ab
a b c

LHS =

_b2+c2—a2Jr az+cz—b2+ az+b2—cz_ az+b2+cz_RHS
B 2abc 2abc 2abc - 2abc B

6) With usual notations, prove that 2 (a sin? < + ¢ sin? %) =a+c-b

Sol. : L.ILS. = 2 (a sin? % + ¢ sin? %)

2 C

= a2 sin ?+02sin24

2

=a(l —cos O)+c (1 —cos A)
=a—-acos C+c —cos 4

=a+c—(acos C+ccos A)
=a+c—-b=RHS. (by projection rule)

c—bcosAd  cosB
b-ccosA  cosC
Sol. : We know that by projection rule,

7) With usual notations, prove that

a = b cosC + ¢ cosB
b = a cosC + ¢ cosd

¢ = a cosB + b cosA

c— bcos4
b— ccos4
acosB + b cosA — bcos
acosC + ¢ cosd — ccos

LHS. =

a cosB cosB
“acosC ~ cosC

RHS

8) In AABC, if a = 18, b = 24 and ¢ = 30 then
A B A A
find 1) sin 5 2) sin 2 3) cos 2 4) tan 5 5) A(AABC)
Sol. : Given that, a = 18, b = 24, and ¢ = 30

SL25=a+b+c=18+24+30=72 1e. s=36
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1 sin 5 - <s—mw—c>zw¢cw—2?@6—3>: (12)©®) _,[(HD
C

be (24) (30) ) (5)
.4 1
Sin 7 = W
2) Sinﬂz\/(s—a)(s—c) _ [ B6-1D)36-30) _ [ (18)(6) _ [ (1) (1)
2 ac (18) (30) (18) (30) (1) (5)
", sin E _
M
A
3) cos =] S6-a _[3636-1) _ [G0)(18) _ [(3)0)
2 \/ bc (24) (30) (24) (30) (2) (5)
. 4 3
.. COS 7 = ﬁ
4) taniz (s=b)s—c) _ [ B6-2)36-3) _ | (12)(6) _ [ (D ()
2 s(s—a 36 (36 -18) (36) (18) (3)(3)
A 1
c. tan 7 = ?

5) A(AMBC) =\ s(s—a)(s—b)(s—c)
= /36 (36— 18) (36 — 24) (36 — 30)

— /36 (18) (12) (6) =36 (18) (2) (3) (6)

<. A(AABC) = [ (36) (36) (36) = (6) (6) (6) = 216 sq.units
A 3b

9) In AABC, a cos? 5 te cos? - = 5 then prove that a,b,c are in A.P.
| i LA 3b
Sol. : given that, a cos 5 tecost 5 =5

. (s(s—a)) (s(s—a))_ﬂ
Sa — +c > =
s(s—c¢) s@-a  3b
. N _ 29
b b 2
o 28(s — ¢) + 2s(s — a) = 3b?
5 28(s —c+ s —a)=3b
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. 25(2s — ¢ — a = 3b?
“(@+b+co)(@+b+c+c—a)=3b
w2s=a+b+c

(a+ b +c)(b) + 3
~a+b+c=3b

~a+c=2b ie. ab, are in A.P.

Exercise 3.2

1) In AABC if 4 = 30°, B = 60° then find the ratio of its sides.

2) In AABC, if sin’4 + sin* B = sin’C then show that AABC is a right angled triangle.
3) In AABC, prove that a (sinB — sinC) + b (sinC — sind) + ¢ (sin4 — sinB) = 0

4) In AABC, prove that (a — b) sinC + (b — ¢) sind + (¢ — a) sinB =0

5) In AABC, if a = 2, b = 3, ¢ = 4 then prove that the triangle is obtuse angled.

6) In AABC, if A = 60°, b = 3 and ¢ = 8 then find a. Also find the circumradius of the
triangle.

7) with usual notations, show that 2(bc cosd + ac cosB + ab cosC) @ + b* + ¢*

8) With usual notations, prove that ac cosB — bc cosd = @ — b?

9) In AABC, prove that (a + b) cosC + (b + ¢) cosA+ (c+a) cosB=a+ b +c
B C  [AMBO)P

A
10) In AABC, show that sin — sin — sin =
) 2 2 2 abcs

Inverse Trigonometric functions :

If f: X —> Y is such that f (x) = y is one-one and onto function then there exists a unique
Y>> Xand f'()=xforalx e X,yeY

If sin® = x is trigonometric function, then® = sin™! x is an inverse trigonometric function.
If sin® = x then x is the sine value of angle6.
If 0 = sin"! x then sin”! x is the angle whose value is x.

The following tables gives the domains, ranges and the principal values of all inverse
trigonometric functions.
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Function Domain Range Principal value branch
T T
y - sin”lx -1.1] - =2 EEREEE
y = cos lx [-1.1] [0, ] 0<y<x
T T
N R _ﬂ’ﬂ) - <y<
y =tan x ( 2’ 2 2
y = cot lx R [0, =] O0<y<ux
T
y = sec 'x R—(-1,1) [0, ] — {%} O<y<my= E)
s S
y = cosec™'x R—(-1,1) [— %, %] — {0} ) SV=V7 0

Properties of Inverse Trigonometric Functions
Property 1

1

) 1
1) sin' — cosecx forx>1orx<-1

1

1
2) cos sec'x forx>1orx<-1

1
3) tan’! == cot!' x forx >0

1 ——gin®'xforx>1orx<-1

1
4) cosec™ —
X

1
5) sec‘lyzcos‘leorxz lorx<—1

1
6) cot*1¥ =tan'x forx>0

Property 2
1) sin!l(=x)=-sin'xfor-1<x<1
2) tan’!(=x)=—tan'x forx € R
3) cosec!(—x)=— cosec! x for [x| > 0
Property 3
1) cos'(—x)=m—cos!x forx e [-1,1]
2) sec!(—x)=m—sec! x for [x| > 0

3) cot!(—x)=m—cot!xforxeR
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Property 4

1) sin*1x+cos*1x=%forx e [-1,1]

2) tan'x +cot'x = % forx e R

3) sec'x + cosec! x = % for x| >0,x € R
Property S

1) tan'x +tan!y =tan! ( X+y ) forx>0,y>0 and xy <1
1 —xy

2) tan'x +tan'y =7 + tan! ( X+y ) forx>0,y>0 and xy <1
1 —xy

3) tan'x—tan'y=tan! [ X—-
1 +xy

Examples on Inverse trigonometric functions

-1
1) Find the principal value of sin! (_2)

) -1 ) - .
Sol. : Let, sin! (—2) =X ..sinx = —21 but sin % = %
. §in X = —— = — sin - = sin - jex=-1
S 5 6 6| e 6
- .| m
principal value branch of sin™" x is 2’
. n_mn_mn . _T
here 2<6<2..)c—6
. _1 . Tc
the principal value of sin™ {75 ] is — 3
2) Find the value of tan' (V3) - sec! (-2)
Sol.: Let, tan”' (V3 )=xand sec! (-2) =y
T T
where —y <x< Eand 0<y<m,y=0
. _ _ : _T . n_ T _T
Sotanx =43 buttan3—\/§ Lex 3 S 2< 3<2
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T
sec — =2

and sec y = -2 but 3
: = 2= T _ B .1
. secy =—-2=—sec 3 = SeC (TE 3) Ley=-—3" . 0< 3 <z
2
tan"' (V3) = % and sec! (=2) = Tn
2 —
Now, tan™' (\/?) — sec! (-2) = m_ st _ T
3 3 3
1 3n
3) Find the value of sin " \sin ?)
Sol. : Let sin! (sin —TE) =y
. .31
siny = sin —-, where y €
buty = 371 ¢ |-, | The principal value branch of sin"! x is -,
272 2 2
we have — <y <T
2 2

. sin y = sin 3—n—sin (n—z—n)—sinz—n
P Sy =S TS 5) 775
2
.'.y——TE and—e[
it 3T\ 2
. sin”!{sin 5 )= 5

711 711_71
n— + tan —3——4
L+

we know that, tan™' x + tan"' y = tan" (=)

4) Prove that : ta

Sol. :
L.H.S. = tan™! 1 + tan~'—
2 3
1.1 5
-1 Q -1 é -1 L
= tan T = tan 5 | = tan (1) i R.H.S.
23 0

5) Show that 2 sin™! (%) ~ tan"! (27)
3

Sol. : Let, sin™! (i) =X ie sinx=-=
5 5
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{ 9 16
L COSX =41 —sin’x = I_E =33

Cotan X = “ﬂ = ﬁ — i ile. x = tan’l (i)
Cosx 4/5 4 4
" sin‘l i = tan‘l i
5 4
Now,
2 sin™! (i) = 2tan™! (i = tan! (3) + tan™! (3)
5 4
3,3 6
Il L 4 (24
44 16

7
(1 1 \ 1 1
1 5 7 1 3 8
= tan™ —_— + tan~ —_—
\ 14 110
57 38
(7 + 5 8 + 3\
= tan! =32 |+ tan! |24
\35—1 24—1)
35 35
1 (12 g (AL Ly (6 o (1L
= tan (34 + tan 3] = tan 17 + tan 3
6, 11 138 + 187
17 23 391 T
DU B =77 ) _ 1 {325\ _ . 1 _ =
1723 391

7) If 2tan™! (cosx) = tan! (2 cosec x) then find the value of x.
Sol. : given that, 2 tan"!(cos x) = tan™! (2 cosec x)

. tan"Y(cos x)+tan(cos x) = tan! (2 cosec x)
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2
. tan! (—) = tan! (2 cosec x)

1 — cos’>x
2 cos X
T, = 2 cosec X
1 —cos”™x
. 2cosx _ 2
sin® x sin x
'.C(,)SX:I cot x = x==
sin x 4
. x—1 . x+1 -
8) If tan |t tan 2| =1 find x

. tan =z
(x—l ) (x+1 )J 4
,1_ x—2 - X+2
[ (= 1)+ 2)+(x+ 1)(x—2)
et | @D |
' (x=2)x+2)-(x-D(x+1)| 4

(x—2)(x+2)

| [(Pe-2)+(2—x-2)

tan = T
(x*=4)(x*-1) -
A |
1 _ T
tan 3|74
2_
2x_3 4 = tan % =1
24 =-3 2% =1
L XA = % X=+ Té

." Standard - XII : Subject - Mathematics and Statistics (Arts and Science) Part-1: 38 ".



9) solve the equation sin(sin! %+ cos'x) =1

Sol. : given that,

) . 1
sin (sin”! — + coslx) = 1

5
. 1 1 .
sin §+ cos x =sin 1
sin™! 1 + cos'x = us
5 2
| 1 T . l
we know that sin™ x + cos x:z ..ng
3 12 56
.19 a1z . 150
10) Prove that (sin 5 + cos 13 =S s
Sol. : Let, sin™' %: X ie. sinx = %

SCOSX =COS X =+/] —sin®x = 1/1 —% =?

and cos™! %: y e .cosy = 12

13
: 144 25 5
~siny =T e’y = {1 10 = {105 = 13
'sinx—icosx—icos _12 and sin _ 3
. _5, _55 y_13 y—13
We know that

sin (x+)y) = sinx cosy + cosx siny
3 12 4 5  36+20

SIn () =5 1375 137 65
sin (xt+y) = %

x+y = sin’! %

sin”! 3. cos™! 12 sin’li
5 13 65

-1
NF3

IN

11) Prove that : sin! (Zx V1 _xz) =2sin'’x  for _le <Xx

Sol. : Let, x =sin® ie. 0 =sin'x

[\®]
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sin”! (2 sin® 1 - sin29)
= sin”! (2 sinB cosh)
= sin"!(sin 20)

=20 =2sin"! x = RHS.

Exercise 3.3

1) Find the principal value of sin™!

-

2) Find the principal value of cos™ (

S
~—————

3) Find the value of cos™! (cos 7?“)

4) Prove that : 2 tan™! 1_ a3
3 4
B ENES
5) Show that tan + tan™! = cos |5
6) If tan™! 2x + tan™! 3x = % then find x.
) . 1—x 1 |
7) Solve the equation tan =— tan" x, forx>0
1+x 2
8) Prove that tan™ w = %+ x
Cos X — sin x

V1I+x 441 -x !
V1+x—1-x forﬁ

9) Show that tan™!
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Introduction :

(4. Pair of Straight Lines>

We know that equation ax + by + ¢ =0, where a, b, ¢ € R, (a and b not zero simultaneously),

represents a line in XY plane. We are familiar with different forms of equations of line. Now
let’s study two lines simultaneously. For this we need the concept of the combined equation

of two lines.

4.1 Combined equation of a pair of lines :

Definition :

An equation which represents two lines is called the combined equation of

those two lines.

Letu=ax+by+c andv=ax+b,y+c, Equations u =0 and v = 0 represent lines.

We know that equation u + kv = 0, k € R represents a family of lines. Let us interpret
the equation uv = 0.

Homogeneous Equation : An equation in which the degree of every term is same, is
called a homogeneous equation.

For Example :

X2+ 3xy =0, 7xy — 2)? =0, 5x* + 3xy — 2 = 0 are homogeneous equations.

Theorem 1 :

Theorem 2 :

Theorem 3 :

Remarks :

The equation uv = 0 represents the combined equation of lines # = 0 and
v=20

The combined equation of a pair of lines passing through the origin is a
homogeneous equation of degree two in x and y

The acute angle 6 between the lines represented by ax? + 2hxy + by = 0

2NK: — ab

is given by tanf =
a+b

The equation ax’ + 2hxy + by? = 0 represents a pair of lines passing through
the origin if #* — ab > 0.

1) If 4> — ab > 0 then lines represented by (1) are distinct.

2) If h* — ab = 0 then lines represented by (1) are coincident.

3) If #* — ab < 0 then equation (1) does not represent a pair of lines.

4) If b = 0 then one of the lines is the Y- axis, whose slope is not defined and the slope

of the other line is — 2—2 (provided that 4 # 0).
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~h\ h*— ab a

5) If h* — ab > 0 and b # 0 then slopes of the lines are m= 5 nd
m,= —h+\ h*>— ab
b
: . 2h .
Their sum is m, + m,= — — and product is m m, = il
b b

The quadratic equation in m whose roots are m  and m, is given by

1
2_ _
m-— (m + my)m + mm,=0
2h a

" mz—(—T)m+?:O sobm? 4+ 2hm + a=0... (2)

Equation (2) is called the auxiliary equation of equation (1). Roots of equation (2) are
slopes of lines represented by equation (1).

General Second Degree Equation in x and y :
Equation of the form ax’* + 2hxy + by? + 2gx + 2fy + ¢ = 0, where at least one of a, b, & is
not zero, is called a general second degree equation in x and y.
Remarks : The necessary conditions for a general second degree equation.
ax® + 2hxy + by? + 2gx + 2fy + ¢ = 0 to represent a pair of lines are :
i) abc + 2fgh — af > — bg# — ch* = 0
ii) h> — ab > 0
Remarks : If equation ax? + 2hxy + by* + 2gx + 2fy + ¢ = 0 represents a pair of lines then

1) These lines are parallel to the lines represented by ax® + 2hxy + by* = 0.
2Nh? — ab

a+b
3) Condition for lines to be perpendicular to each other is a + b = 0.

2) The acute angle between them is given by tanf =

4) Condition for lines to be parallel to each other is 4* — ab = 0.
5) Condition for lines to intersect each other is A — ab > 0 and the co-ordinates of their
hf—bg gh—-ao

ab—h ab- i’ )

6) The expression abc + 2fgh — af > — bg> — ch?® is the expansion of the determinant

ahg

h b f

g c

7) The joint equation of the bisectors of the angles between lines represented by
ax? + 2hxy + by* + 2gx + 2fy + ¢ = 0 is hx? — (a — b)xy — hy? = 0.

point of intersection are (
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Here the coefficient of x? + coefficient of = 0. Hence bisectors are perpendicular to each
other.

Ex. 1) Find the combined equation of lines x — 2y = 0 and x + y = 0.
Solution : The combined equation of lines u = 0 and v =0 is uv = 0.
.. The combined equation of lines x — 2y =0 and x + y = 0 is
x-2»)(x+y) =0
Xt —xy —22=0

Ex. 2) Find separate equations of lines represented by x> — >+ x +y = 0.
Solution : We factorize equation x*> — >+ x + y = 0 as
X+ E-»+x+))=0
L+ x-y+1)=0
Required separate equations are x + y =0 and x —y + 1 = 0.

Ex. 3) Find the sum of slopes of lines represented by x>+ 4xy — 7y* = 0
Solution : Comparing equation x* + 4xy — 7y* = 0 with ax? + 2hxy + by* = 0,
wegeta=1,h=2and b =-7.

If m and m, are slopes of lines represented by this equation then

m+m,=— — and mm,=—
4 4
m1+m2:—_7 :7

) . 4
Their sum is 7

Ex. 4) Find the angle between lines represented by 3x* — 4xy — 3y* = 0 are.
Solution : Comparing given equation with ax® + 2hxy + by* = 0,
wegeta=3,h=-2and b =-3.

As a+ b =3 + (-3) = 0, lines represented by 3x* — 4xy — 3y* = 0 are
perpendicular to each other therefore angle between these two lines is 90°

Ex. 5) Find the combined equation of lines x + y —2=0and 2x — y + 2 = 0.
Solution : The combined equation of lines # = 0 and v = 0 is uv = 0.
.. The combined equation of linesx + y —2=0and 2x -y +2 =0 is
x+y-2)2x-y+2)=0
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X2 -y +2)+y (2x -y +2)-22x -y +2)=0
2P Xy 2+ 2y — P2y —dx +2y—4=0
24+ xy -y -2x+4-4=0

Ex. 6) Show that lines represented by equation x*> — 2xy — 3y?= 0 are distinct.
Solution : Comparing equation x> — 2xy — 3% = 0 with ax® + 2hxy + by*= 0, we get
a=1,h=-1,and b = -3.
P—ab=(-1Y-1)3)=1+3=4>0

As h* — ab > 0, lines represented by equation x* — 2xy — 3y = 0 are distinct.

Ex. 7) Find the angle between pair of lines represented by x> — 4xy + y*= 0
Solution : Comparing equation x> — 4xy + * = 0 with ax® + 2hxy + by* = 0,
wegeta=1,h=-2and b = 1.

Let 6 be the acute angle between them.

2NH? — ab 2N4 -1
~tan 0 = = =3
a+ b 2
0= 60° = =
3

Ex. 8) Find the value of k if 2x + y = 0 is one of the lines represented by 3x? + kxy +
2)*=0
Solution : Slope of the line 2x + y = 0 is 2.

As 2x + y = 0 is one of the lines represented by 3x* + kxy + 2)* = 0, -2
is a root of the auxiliary equation 2m? + km + 3 = 0.

22 (=22 +k(=2)+3=0

"8 —-2k+3=0
2k +11=0
2% =11
11
k=7

Ex. 9. Find the combined equation of the pair of lines passing through the origin and
perpendicular to the lines represented by 3x* + 2xy — y2 = 0.
Lo . 2 2 _
Solution : Let m and m, are slopes of lines represented by 3x~ + 2xy — »° = 0.
2h 2 a 3
.'.m1+m2:—T:—_—1:2andmlmzzjz_—lzﬁ

Now required lines are perpendicular to given lines.
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1
.. Their slopes are — — and —.

m, m,

And required lines pass through the origin.
1
.. Their equations are y = —— xand y = —— x
n, m,
somy =-xand my = —x
X +my=0andx +my=0
Their combined equation is (x + mY)(x + m,y) = 0
X4 (m A+ m) Xy + mmy? =0
X2+ () xy + (=3)1*=0
X2+ 2xy - 3)2=0
Ex. 10) Find the combined equation of lines passing through the origin and each of which
making angle 60° with the X-axis.
Solution : Let m be the slope of one of the required lines.

The slope of the X-axis is 0. As required lines make angle 60° with the

X-axis,

t 600_ m—_()
WO S 0
N3 =ml mP=3

. m*+ 0m — 3 = 0 is the auxiliary equation.
-. The required combined equation is —3x?+ Oxy + }*= 0
L3 -)P=0

Ex. 11) Find the value of k if the equation 2x* + 4xy — 2y” + 4x + 8y + k = 0 represents
a pair of lines.

Solution : Comparing given equation with ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 we
get, a=2,b=-2,c=k
f=4,9=2,h=2
As given equation represents a pair of lines, it must satisfy the necessary
condition.
s.abc + 2fgh — af*> — bg> — ch* = 0
S 2)(2)(k) + 2(H(2)(2) - 2(4Y~(=2) (2)*~(k) (2)* =0
-4k +32-32+8-4k=0
L 8k=8 k=1
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Exercise 4.1

1) Find the combined equation of the following pairs of lines : 2x + y =0 and 3x —y =0

2) Find joint equation of coordinate axes.

3) Find joint equation of linesx + y =0 and x —y =0

4) Find separate equation of lines represented by x> — 4)% = 0

5) Find the value of k if sum of slope of lines given by 3x? + kxy — 3? = 0 is zero.

6) Find the value of k if the lines represented by kx? + 4xy — 4y*> = 0 are perpendicular.

7) Show that equation x> + 2xy + 2)* + 2x + 2y + 1 = 0 does not represent a pair of lines.

8) Find the joint equation of lines
(i) Passing through the origin and having slopes 2 and 3.
(i1) Passing through the origin and having inclinations 60° and 120°
(iii)Passing though (1, 2) and parallel to the co-ordinate axes.

9) Find separate equation of lines represented by 3x> —10xy — 8 = 0

10) Find k if the sum of slopes of the lines given by x* + kxy — 3)? = 0 is equal to their
product.

11) Find the measure of the acute angle between the lines represented by 3x> — 4+/3 xy + 3)7
=0

12) Find the combined equation of the following pairs of lines passing through (-1, 2), one is
parallel to x + 3y — 1 = 0 and the other is perpendicular to 2x — 3y —1 = 0.

13) Find the separate equations of the lines represented by

(x-22-3(x-2)@p+1)+20py+1)y°=0

14) Find the value of k if the equation : 3x> + 10xy + 3)” + 16y + k = 0 represent a pair of

lines

15) Find the combined equation of a pair of lines passing through the origin and perpendicular
to the lines 5x*— 8xy + 3)?=0

16) Find k if slopes of lines represented by 3x* + kxy — * = 0 differ by 4.

17) Find the condition that the line 4x + 5y = 0 coincides with one of the lines given by ax’
+ 2hxy + by? = 0.

18) If slope of one of the lines given by ax® + 2hxy + by*> = 0 is four times the other then
show that 164* = 25ab.

19) Find the combined equation of lines passing through the origin and each of which making
angle 60° with the X-axis.

NAAH
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( 5. Vectors >

1) Vectors : The physical quantity which is completely described by magnitude as well as

Introduction :

direction is known as vector quantity. Support or Line of Action
. . terminal point //

Ex. Force, velocity, acceleration etc. B

® A is initial point /}S)

® B is terminal point
. . . SA i .
®  Direction is from A to B ,7 /% initial point

e Distance between A and B is magnitude, Denoted by |4B| or AB

2) Unit vector : The vector whose magnitude is 1 is known as unit vector.
. —_ . A A a
® unit vector of g is a A=

. [EEERAN

® unit vector along X—axis is i

. PP

® unit vector along Y—axis is j

. . . "N
®  unit vector along Z—axis is k

3) Position vector :
®  position vector of point 4 is 04 , denoted by a .
o IfA(x ), z)thenazx?+yf+z%
e IfA(x,y,z)and B (x,, y,, z,) then
CAB=b-a=01+yf +z20) - @i +y ] +zk
. AB (- x)T + - )] + @, - z)k
IAB) = 4Bl = (¥, = x)* + (, =y + (2, - 7))’

4) Distance of p(x, y, z) from :

i) X-axis is V)? + 2 ii)Y—axis is VX% + 2

iii) Z—axis is Vx> + )7 iv)XY plane is | z|
v) YZ plane is | x| vi)ZX plane is ||

vii) Origin is x? + y? + 22
Theorem 1 : Two nonzero vectors @ and b are colinear if and only if there exist scalars
m and n, at least one of them is nonzero such that ma + nb = 0.

Theorem 2 : Let g and b be non—colinear vectors. A vector 7 is Coplanar with @ and
b if and only if there exist unique scalars ¢, £, such that 7 =t @ + t,b.
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Theorem 3 : Three vectors @, b and ¢ are coplanar, if and only if there exists a nonzero
linear combination xa + yb + z¢ = 0 with (x, y, z) = (0, 0, 0)
Theorem 4 : If @, b, ¢ are three non—coplanar vectors then any vector 7 in the space
can be uniquely expressed as a linear combination of @ , b, ¢.

Ex. 1) Determine the value of ¢ that satisfy |cu| = 3, if u = P+ Zf + 3%

Solution : .. Given u =
Multiplying by ¢

scu=ci o+ 2cf + 3ck

Taking magnitude

sleul= e+ 4¢? + 9¢2
3 =4/14¢?
9
14
3

S5}

C

I+

N

C =

Ex. 2) Find the unit vector along the direction of 87 + 3f — k.

Solution : Given vector, g = 87 + 3f "

Slal=N64+9+ 1
|a] = \74
unit vector along the direction of g is

a _ 81 +3] -k

A
a=—=

[al \74

Ex. 3) If the vectors 27 - 9f + 3% and 47 - Sf + 6k are collinear then find the value of q.
Solution : Given vectors @ = 27 — 9f + 3% and
b =47 —57 + 6k are collinear.
29 3
4 5 6
1_4a
2

n
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Ex. 4) Show that point A3, 2, —4), B(9, 8, —10), C(-2, -3, 1) are collinear.
Solution : Given point A(3, 2,—4), B(9, 8,-10), C(-2,-3, 1) are collinear.
“AB=Db-a= 07 +8 - 10k) — 37 + 27 — 4k)
AB =6

4B = 67 + 6] — 6k ...(I)
and AC = ¢ — a = (27 - 3] + k) - 37 + 2] — 4k)
AC = 51 =57 + 5k
AC = -5(1 + } — %) Multiplying and dividing by 6
A_:—%(6f+6f—6/l€)

-5 __
AC is scalar multiple of 4B

AC || AB since point 4 is common

.. points 4, B, C are collinear.

Ex. 5) Find the distance of P(4, -2, 6) from (i) XY plane (ii) Z—axis
Solution : Given point P(4, -2, 6)
(i) Distance of P from XY plane = |z|
=|6| = 6 unit
(i1) Distance of P from Z axis = W
- V20
= 2+/5 unit

Ex. 6) If ABCDEF is a regular hexagon show that
AB + AC + AD + AE + AF = 34D = 6 40 where O is centre of Hexagon.

Solution : ABCDEF is regular hexagon 2
ED=4F.CDh=aF .0 ) c
O is centre of hexagon,
7D = 270 . (i) ’ | ’

In AACD, AC + CD = AD ...(iii) (Triangle Law)
In AAED, AE + ED = AD ...(iv) (Triangle law)
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Adding (iii) and (iv)

AC + CD + AE + ED = 24D

SAC + AF + AE + AB = 24D (By i)

Adding 4D in both sides

S“AC + AF + AE + AB + AD = 34D

S AB + AC + AD + AE + AF = 34D = 3(240) (By ii)
“AB + AC + AD + AE + AF = 34D = 640

Hence proved,
Theorem 5 : (section formula internal division)

Let A(a) and B(b) be any two points in the space and R(7) be a point on

the line segment AB dividing it

internally in the ratio m : n then, 7 = M
m+n

Theorem 6 : (section formula external division)

Let A(a) and B(d) be any two points in the space and R(7) be the third
point on line 48 dividing the segment
AB externally in the ratio m : n then 7 = mb - na.

m-—n
Remarks :

i) Midpoint formula : If M(m) is midpoint of line segment Joining A(a) and B(5) then

_ _(a+b
m = 2 )
— a+tb+c
i)y Centroid of AABC : g =%

a+b+c+d
4
(BC) @+ (AC) b + (AB) ¢
BC + AC + AB

iv) To find the ratio of division : It is convenient to consider k : 1 (Instead of m : n)

iii) Centroid of tetrahedron ABCD is g =

iv) In center Formula of AABC : | =

v) Collinearity of 3 — points : Three distinct points 4, B and C with position vectors
a, b, ¢ respectively are collinear if and only if there exist three non—zero scalars x,
yand z such that xa + yb +zc¢ =0 and x + y +z =0
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Ex. 7) Find the position vector of point R which divides the line segment joining P(P) =
27 - f + 3k and Q(é\) = -5 +2f —5k internally in the ratio 1:3
Solution : R(7) divides the line segment joining points P(p) and Q(g) internally in
the rate 1 : 3
By section formula internal division

13 + 3p mb + na

7 B ...(using 7 S formula)
1 (57427 =5k 4307 -7 +3h)

"o 1+3

57 +27 =5k + 67 =37 +3h)

a 4

_ f—f+4/l€

F=T

72%?—%}‘\+/I€

Ex. 8) If @, b, ¢ are position vectors of the points 4, B, C respectively and 5z — 35 -2
¢ = 0 find the ratio in which C divides seg BA.

Solution : Given 5@ -35 —2¢ = 0

5a-3p=2C
2¢=5a-3p
_  5a-3p
c:—
2
_  5a-3p
c:—
5-3

This shows that, point C divides segment BA externally in the ratio 5 : 3.

Ex. 9) If G(a, 2, —1) is centroid of the triangle with vetefices P(1, 2, 3), O3, b, —4) and
R(5, 1, ¢) then find the values of a, b, c.

Solution : As G(g) is centroid of —PQR

— ptgq+r7r
g= 3
A A " A A " AoA "
al+2]/'\—//€—(l+2j +3k)+ Bi +bj —4k)+ (51 +j — ck)

3
2 3aT+ 6] =3k=9T+QB+b)]+(-1)k
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By equating like terms, we set
23a=9,3+b=6,c—1=-3
~a=3,b=3c¢c=-2

Ex. 10) Find the centroid of tetrahedron whose vertices are K(5, -7, 0), L(1, 5, 3), M(4,
—6, 3), N(6, —4, 2)
Solution : Position vectors of vertices of tetrahedron k = 57 — 7f + 0/12,

T=1+5+3k m=47 -6/ +3k, =060 — 47 + 2k

By Centroid formula :

k+ 1 +m+7

g = 1
A A N A A N A A N A A "
52(51—7/+0k)+(z+5/+3k)+(4z—61+3k)+(6z—41+2k)
4
167 - 12] + 8%
g =

4
9 =47 -3 + 2k
..Centroid of tetrahedron G = (4, -3, 2)

Ex. 11) Find the position vector of mid—point M joining the points L(7, —6, 12) and N(5,

4, -2).
Solution : M is midpoint of segment LN. By midpoint formula
__ I+7
)
—_ (77 = 6] + 12k) + (57 + 4] — 2%)
4
12827 + 10k
" 2
= 60— +5k

Scalar product of two vectors (Dot product) : l

Let @, b be any two vectors and 6 be angle between them then the dot product of @ and
bis a. b =lallbl cos0

HDIfalpthena.p=0

ii) a. qg=Ial
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vi) Scalar projection of @ on p = —

5’

vii) If a, B, vy be angles made by vector with X,Y,Z axes respectively then a, B, y are
known as direction angles and / = cosa, m = cosfP, n = cosy are known as direction
cosines (d.c.s.).

and Vector projection of @ on p = ( a.b ) 5

viii)Three real numbers a, b, ¢ are known as direction ratios if — = s
a

ix) If a, b, ¢ are direction ratios of line then

a b c

-+ -+
N&@ + b+ ¢ == \Na& + b+ ¢ T NG+ b+

[=+

Ex. 12)If |a| = 3, |5] =y 6 and angle between @ and p is 45°, then find @ . p
Solution : Given |al = 3, |5l = vV 6, 0 = 45°.

a.b =lallblcosb
= (3)(\/ 6)cos@ 45°
1
=346 x NGR
1
=33 \/TW
a.b =373

Ex. 13) If @ = 37 + 4] — 5k and |B| = 37 — 4] + 5k find
ya.b ii) angle between @ and p
Solution : Given vectors :
G=37+4] -5k p=31"-4] + 5k,
NVa.b=07+47 -5k .37 - 4] + 5%)
=(3)3) +4 (= 4) + (=5 (5) = -32

a.p=-32
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ii) Let 6 be angle between @ and p

cosf = 9 b _ - 32
lallbl o+ Te+ 25 9+ 16+25
-32 -16

COSQ=?— 5

— COSI(_—I)
25

Ex. 14) Find the value of a if 37 +2 jA +9% and 7 + af — 3k are perpendicular.

Solution : Given vectors :

a=31+2] +9% b =1i+a] - 3% are perpendicular
a.b=0
BT+ 2] +9%).(F+af -3k =0
23 +2a+27=0
2a = -30
a=-15

Ex. 15) Find the scalar projection and vector projection of 37+ 4f — 6k on 27 - 2]/'\ + &

Solution : Given Vectors
G=30+4] -6k b=2
a.5=0G71+4] -6k.Qi -2/ + k=0
=(3)3) +4(=2)+(-6) ()

A

i—2f+/l€

=6+8+6
~a.b =-8
and [p] =4+4+1 =9
bl =3
. _ - a.b -8
Scalar projection of g on p = ———=——
21 3
I — — _a.b-—
vector projection of g along p = —Db
151

:‘Tg(zf P Y
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Ex. 16) A line makes angles of measure 45° and 60° with positive direction of Y and
Z—axes respectively. And the angle made by the line with the positive direction of
the X—axis.

Solution : Let o : B, ¥ be angles made by line with positive direction of X, y and z
axes respectively
Given 3 = 45°, y = 60°

cosP = cos45°and cos y = cos60°

1 1
s.cos B = NGl and cos y = >

we have, cos’a + cos’ + cos? y = 1

(\/%): (%): cos? y=1

L+i+cos2 =
2 T4 v=
3
2y = 1= =
cos® y 1
1
2 -
cos® y 2
coSs —+L
TEES

y = 60° or 120°

Ex. 17) A line has direction ratios 4, —12, 18 then find the direction cosines.
Solution : Direction ratios of line
(a, b, ¢) = (4, —12, 18)
Va2 + b2+ 2 = /16 + 144 + 324 = \[434
V@b @ =22

Direction cosines of line

~
I
3
Il
I+
N
Il
-+

*
Vs @ NP PiE NP+ E
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Vector product of two vectors : l

Vector product of @ and 5 denoted by a x p :
It is defined as @ x B = |Gl 5] sinf n

Note : i) 7 is unit vector a long @ x b

il) a x p is perpendicular to both g and 5.
Formulae :
i) axa=0

i) 5xa=-(axp)
i

i) TxT=7x/=kxk=0
iv)?xf:/é,fx/l%:?,/l%x?:f
V)If5=xlf\+y1]/’\+zlll€, E=x2?+y2f+zz/l€,
P 7k
axb= X2
nyZZZ
. . . _ — . A_axp
vi) Unit vector perpendicular to both @ and 3 is n = ——
(al 15D
— T
vii) sin 0 = 127!
(allph

viil) If @, 5 be any two vectors along adjacent sides of parallelogram. then Area of
parallelogram = |@ x p|

ix) If @,  be along diagonals of parallelogram then Area of parallelogram = 1 |a x p|
2

X) A(MABC) = - [15 x 7

Xi) [u x v+ [u . v’ = lal* vI?

Ex. 18)If 2 =20 +3] -k ,p=1—4] + 2k then find (7 + ) x (@ — )

Solution : Given vectors
N

a=21+3]-k,p=17-

A

] +

AN
> N

k
(@+p) =31~ +k @-5=1+7] -3k

~
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Now,
N
1

(@+p)x(@=-5b)=|2
1

=

A
J
3 -1
42

=76 -4)— 7@+ 1)+ k(- 8 -3)
@+ x(@-5) =27 -5/ - 11k

Ex. 19) Find unit vector perpendicular to vectors jA + 2k and ¥ + ]A

Solution : Given vectors, g = j/\ + 2/13, b= [ j/\

~>

j_\
axp= 1
1

S DO

0

1
=70-2)=70-2)+%(©-1)

axp=-20+2 -k

laxbl= 22+ Q72+ (-1)2) =4+4+1 =9

laxpl=3

Unit vector perpendicular to both @ and 7 is

N aXE
n = —
(al 15
N 20427 %
n:
3
G Zi,2p 1y
3 3 3

Ex. 20)If |zl =2, |yl =5, luxy| =8 find u . y
Solution : Given || =2, |9 =5, |[uxy| =8
Now, we have,
[ux 3PP+ (@ . v)’=lul’ vl
@)+ = (. 9= (20~ (5)
64 + (W . y)*= 100
So(m.ev)y=36

“u.y=%6
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Ex. 21) Find the area of parallelogram whose adjacent sides are along vectors
a=2-2+kandp=1-3]+3k

Solution : Vectors along adjacent sides of parallelogram are

a=21-2+kandp=17-37+3%k
JASIPANERAY

[J

221

1 -33

N

=76 +3)=J(=6-1)+% (=6 +2)
:91A+7f—4%

Now, |ax p| =

axp

[ax bl = (9 + (7)* + (—4)?
= 8T+ 49+ 16
= V146
laxpl=3
Area of parallelogram = |g x p|
= /146 sq.units

Scalar Triple Product (Box product) : l

The scalar product of @ and (3 x ¢) is known as scalar triple product

Denoted by a . (5 x ¢) or [a (b ¢)]

— N A AN A A N A A A
Note: 1) If a=x1 +yJ +zc, b=X0 +y,J +2,k ¢c=x,1 +y,J + 2k then
_ A
labOl=|x,p,z
x3y323

2) If at least two vectors in scalar triple product are collinear then value of scalar
triple product is zero, i.e. [a a ] = 0.

3) If @, b, ¢ are coplanar vectors then, [@ p ¢] =0
Theorem 7 : If @, p, ¢ be three vectors along coterminus edges of parallelopiped then
volume of parallelopiped, V'=[a 5 ¢ |
Theorem 8 : If G, p, ¢ be three vectors along coterminus edges of tetrahedron then

volume of tetrahedron, v = % [a b <]

Vector triple product : g x (hp x¢)=(@-¢c)b—(a b)) c
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A A AT/ A 2N A
Ex. 23) If the vectors —3i + 4j — 2k, i + 2k and i — j are coplanar then find the value

of p.
Solution : Vectors @ = —37 + 4]A -2k ,b=1+ 2/13, c=1- p]A are coplanar.
~a.(hbxe)=0
-3 4 -2
1 0 2(=0
I p O

230 +2p) — 40 —2) + (-2)(—p - 0) =0
S=6p+8+2p=0
4p = 8
p=2
Ex. 24) If ¢ = 3@ — 2b then show that [z 5 ¢] = 0.
Solution : [g p cl=a.(h X ¢)
(b x (3@ -2p))("" ¢ = 3a - 2p)
(3 x @~ 2(b x b))
=a.@Bbxa-2.p)
3a.(p x a)

I
Ql

Il
Ql

= 3(0)...(Two vectors are equal)

[@abc]=0

Exercise 5.1

1) Show that vectors 27 - 3]/'\ + 4% and —47 + 6]/'\ —8% are collinear.

2) Show that the three points A(1, -2, 3), B(2, 3, —4) and C(0, —7, 10) are collinear.
3) Find a vector of magnitude 7 units along the direction of g = f —2]/’\ + 2%.

4) Find the distance of P(3, 4, 6) from (1) XY plane(2) Z—axis.

5) If vectors o+ 2]/'\ + Ak and 37 + 6f + 9% are collinear then, find the value of A.

6) If three points A(3, 2, P), B(9, 8, —10), C(-2, -3, 1) are collinear find (1) the ratio in
which the point C divides the line segment AB (ii) the values of p and gq.

7) If A(5, 1, p), B(1, g, p) and C(1,-2, 3) are vertices of AABC and G (r,—4, L) is its
centroid then find the values of p, ¢ and r. 33
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8) Find the position vector of point which divides the join of P(p) = 27 - ]/\ + 3% and
0(q) = 57 + 2]A 5k externally in the ratio 3 : 2.

N Ifg=3"+4] —5kand 5 =37 — 4] — 5k find 3 . 5.

10) Find the value of A if g = 27 + 3]/'\ - /IE, and p = AL —2f + 4% are perpendicular.
11) Find the measure of acute angle between vectors 27 + ]A +%and 7 - j/\ + 2k,
12) Find the scalar projection of (e Zf + 3% on 27 —Zf + &

13) Find the vector projection of I+ 2]/'\ + 3% along 27 —2]/'\ +k

14) Find the direction cosines of the vector 27+ 21/'\ "

15) If a line makes angles 90°, 135°, 45° with X, Y and Z axes respectively then find its
direction cosines.

16)Ifg=1+j -k b=27+4] + 6k then find |a x 5|
17)If Ial = 5, 15| =13 and |[ax 5= 25 find @ .

N
1

18) Find the area of parallelogram whose diagonals are determined by the vectors g = 37 — ]A

2k B=-1+3] -3k

19) Find the direction ratios of a vector perpendicular to two lines whose direction ratios are
1,3,2and -1, 1, 2

20) Find the volume of parallelopiped determined by the vectors g = [ 2f + 3/15, b=—i+
AN = AN A
J + 2k, ¢c=2i +j + 4k.

21) If vectors P+ 5]/'\ —2/l€, 37— f, 57+ m]/\ — 4% are coplanar then find the value of m.

22) If D, E, F are midpoint of sides BC, CA, AB of AABC then, prove that AD + BE + CF
=0
WyIfa=1+76=/+k¢c-=

AN

i+ 7 +%find [3 5 Cl.
24) If a, B, y be direction angles of vector then show that sin’c + sin’f + sin’y = 2

25) Using vector method, find the co—ordinates of the triangle whose vertices are A4(0, 3, 0),
B(0, 0, 4) C(0, 3, 4).
26)Findg. (5 xc)ifa=37 -] +4k, 5 =27 +37 — kand ¢ = -57 + 2] + 3%k
27) Find the volume of a tetrahedron whose vertices are A(—1, 2, 3), B(3, -2, 1), C(2, 1, 3)
D(-1, -2, 4).
QO®
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(6. Line and Plane>

I) Line :

1)

2)

3)

4)

Passing through a point and parallel to vector.

e The vector equation of the line passing through A("@) and parallel to vector 5 is
T =Ta+\b

e equation 7 =@ + A b is also called the parametric form of vector equation of line.

e (7 —"a)x b =0 This equation is called the non-parametric form of vector equation
of line.

* The Cartesian equations of the line passing through 4 (x , y,, z,) and having direction
X=X y-y z-z

ratios a,b,c are =
b c

X=X y-y z-z

e The equations TG L are called the symmetric form of Cartesian

equations of line.

e The equations x = x, + Aqa, y =y, + Ab, z = z, + Ac are called parametric form of
the Cartesian equations of line.

* The co-ordinates of variable point P on the line are (x, + Aa, x, +Ab, z, +Ac)

e Corresponding to each real value of A there is one point on the line and conversely
corresponding to each point on the line there is unique real value of A.

Passing through two points.

e The equation of the line passing through 4(@) and B(h)is 7 =a + M(b — Q).

* The Cartesian equations of the line passing through A(x,, y,, z)) and B(x,, y,, z,)
X=X Yy=-»n -7
=% _yg_yl _ZZ_ZI
Distance of a point from a line. e —
e The distance of point P('q) from the line 7 ="a + 1 b is \/\E —ap- |:( o |‘Fa ’)~ b :|

1S

Skew lines

A pair of lines in space which neither intersect each other nor are parallel to each
other are called skew lines. Skew lines are non-coplanar
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S)

Distance between skew lines

e The distance between lines 7 = "a,+ A b and 7 ="a,+ A, b, is
(a,-a)(F,x )|
EEEA
6) Distance between parallel lines.
 The distance between parallel lines 7 = "a + Ab, and 7 = "a,+ A, b, is
|a,-"a, x b |
II) Plane :
1) Equation of a plane passing through a point and perpendicular to a vector.
e The equation of the plane passing through the point 4(a) and perpendicular to
vectornis 7 - m ="a - n
e Equation 7 - 'n ="a - n is called the vector equation of plane in scalar product
form.
e If @ - n =d then equation 7 - 'n ="a - n takes the form 7 - n =d
2) Cartesian form :
e The equation of the plane passing through the point 4 (x, y, z,) and direction ratios
of whose normal are a,b,c is a(x —x,) + b(y —y) + c(z-2) =0
e The equation of the plane passing through a point and parallel to two vectors.
e The vector equation of the plane passing through the point A(7@) and parallel to
non-zero and non-parallel vectors b and ¢ is (7 —-a) - (bxc) =0
e 7 ="a +Ab +pc This equation is called the vector equation of plane in parametric
form.
3) Passing through three non-collinear points :

e The vector equation of the plane passing through non-collinear points 4(a),
B(b)and C(c)is(7-a). [(b—-a)x(b-a)]=0
X=X Y-y z-z
X, =X y-—y z-z
Xy =Xy V3= 575
The normal form of equation of plane.
e The equation of the plane at distance p unit from the origin and to which uni vector

A - s = A
n is normal is 7 -1 = p.
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e If /,m,n are direction cosines of the normal to a plane then 7 =/ T+ m]A + nk.

e If N is the foot of the perpendicular drawn from the origin to the plane and ON=p
then the co-ordinates of N are (pl,pm,pn).
e The equation of the plane is Ix+my+nz=p. This is the normal form of the Cartesian

equation of the plane.
Equation of plane passing through the intersection of two planes :

If planes (7-71—71) =0 and 7~72 = O intersect each other, then for every real value
of A, equation 7 (7, — An,)—(d,— Ld,) =0 represents a plane passing through
the line of their intersection. If planes ax+by+cz+d, =0 and ax+b,y+cz+d, =0
intersect each other, then for every real value of A, equation (ax+by+czz+d) + A
(a,x+b,y+c,z+d,) = 0 represents a plane passing through the line of their intersection.

Angle between two planes.

sin@ = ‘

b.n
b1 [n]
Co-planarity of two lines.

Thus lines 7 ="a,+A b, and 7 ="a,+X, b, are coplanar if and only if
(7,-3) (B xF) = 0

The plane determined by them passes through A('a)) and b x b, is normal to the
plane.

<. Its equation is (7 ="a,)- (b, x b,) =0

) X—x Y-y zZ-z X—-x, Y-y, zZ-2z )
Lines = = and = = are coplanar if and only
a, b c a b c
: 1 1 2 2 2
if
X=X V=) 5~
a, b, ¢, |=0
2 bz ¢
X=X M=) 55
The equation of the plane determined by them is | g, b, ¢, [=0
2 bz ¢
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9)

Ex. 1)

Ex.2)

Ex. 3)

Distance of a point from a plane.

e The distance of the point A("@) from the plane 7 - 7 =p is given by |p—|a. 7||.

Find the vector equation of the line passing through the point having position
vector 4 ?—f+2l/€ and parallel to vector — 2 ?+f+ %
Solution :

The equation of the line passing through 4("a) and parallel to vector b is 7 ="a+A

b

The equation of the line passing through 47-7+2% and parallel to vector 27T+7+
kis 7 = (4T-T+2%) + M(2T+7+ %)

Find the vector equation of the line passing through the point having position
vector 2 7 +7~3% and perpendicular to vectors 7 +7—7%.

Solution :

Let @=27+7-3%,D =T+j-%kand © = T+27—k

We know that b x € is perpendicular to both » and €.

. b x°C is parallel to the required line.

i
bxc=[1 1 1|-37+27+%
1 2 -1

N

Thus required line passes through @ = 27+ 7 -3 % and parallel to 37+ 7 —%.

- Its equation is 7 = 27 +7 -3k)+ L(37 +27 +k).

Find the vector equation of the line passing through 27+ 7 — % and parallel to the
line joining points —T+] —4k and 7+2] 2k

Solution :

Let A, B, C be points with position vectors @ = 27+ 7 — % B =7+27+4k and

¢ = ?+2f—2ll€, respectively.

BC=7-7 =(7+27+2%) - (-T+7—-4%k)=27+7-2%

The required line passes through 27+ 7 — % and Parallel to 27+7-2 [

Its equation is 7 = (27 +7+%) + A(27+7+2%)
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Ex. 4)

Ex. 5)

Ex. 6)

Find the vector equation of the line passing through 4(1,2,3) and B(2,3,4).
Solution :

Let position vectors of points 4 and B be @ and 5.

@ =7+27+3%and B =27+37+4%

2B -a =Q7T+37+4%) - (T+27+3%) = T+7+ %

The equation of the line passing through A("a) and B('h ) is 7="a+A(b—"a).

The equation of the required line is 7 = (7+27+3%) + A(F+ 7+ %)

Find the Cartesian equations of the line passing through A(1,2,3) and having
direction ratios 2, 3, 7.

Solution :

The Cartesian equations of the line passing through 4(x, y, z,) and having
A(x,, y,, z,) direction ratios

X=X Y-y z-2z

b c

a,b,c is

Here (x,, y,, z,) = (1, 2, 3) and direction ratios are 2, 3, 7.

. o x=1 y—1 z-3
Required equation is > =3 = 7

Find the Cartesian equations of the line passing through 4A(1, 2, 3) and B(2, 3, 4).
Solution :

Find the Cartesian equations of the line passing through 4 (x, y,, z)) and B(x,, y,, z,)
X—Xl_y—yl Z—Z1

is

X, =X YV, =)V £, 7%
x—1 y -2 z—3
2-1 3-2 4-3

Required Cartesian equations are

x -1 y =2 z—-3

1 1 1
x—-1=y-2=2z-3
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)
2)
3)
4)
5)

6)
7)

Ex. 1)

Exercise 6.1

Find the vector equation of the line passing through the point having position vector

27 +7+% and parallel to vector 47— 7+2 %.

Find the vector equation of the line passing through points having position vectors 3
74477k and 67 -7 +k.

Find the vector equation of line passing through the point having position vector

5 ?+4f+3/l} and having direction ratios —3,4,2.

Find the vector equation of the line passing through the point having position vector
7 +27+3% and perpendicular to vectors 7 + 7+ % and 27— 7+ %.

Find the vector equation of the line passing through the point having position vector
~7—-7+2% and parallel to the line r = (7 +27+3 %)+(37+27+ %).

Find the Cartesian equations of the line passing through 4(2,2,1) and B(1,3,0).

x-2 y—4 z+4

Show that the line ST T 5 passes through the origin.

Find the length of the perpendicular drawn from the point P(3,2,1) to the line.
T=(TT+77+6%) + M(=2T+27+3%)

Solution :

The length of the perpendicular is same as the distance of P from the given line.

The distance of point P () from the line 7 =@ + L5 is

Vig -7 p- [(“_ ) b}

=7T+77+6% B=2T+27+3%

~a=(3T+27+ k)~ (7T+7]+6k)=—41-57-5%
[a—a| = \/( 42 +(5)+(=5) —\/16+25+25 = /66

(G-a).D =(-4T-57-5%) . (27+27+43%)=8-10 - 15=-17

D] = (=22 +Q272+Q3)? =17

- b
The require length = \/la —af- |:(O‘ | Fa |) :| |: ]
_ \/m _ \/E = 7 unit
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x+3 y-1 z+ 4
Ex. 2) Find the distance of the point P(0, 2, 3) from the line. 5 )

Solution :
Let M be the foot of the perpendicular drawn from the point P(0,2,3) to the given line.
M lies on the line. Let co-ordinates of M be (5A—3,2A+1,3A—4). The direction ratios
of PM are (5A-3) — 0, 2A+1) — 2, 3-4) 3
ie. SA-3, 2A—1, 3A—7
The direction ratios of given line are 5, 2, 3 and PM is perpendicular to the given line.
oo 5(5A-3),+2(2A-1), 33A-7) =0

LA=1

.. The co-ordinates of M are (2,3,-1).

The distance of P from the line is PM = \/ (2-0)2+(3-2)*+(-1 -3)* = \/ﬁ unit

Ex.3) Find the shortest distance between lines 7 = (27— 7)+(27+7-3%) and
T o= (T-7+20)+ nQT+7-5%).
Solution :

The shortest distance between lines 7 = 71+}L171 and ¥ = ?2+?L2 b 5 is
|(72_71). (7, x72)|

B
Here a = ?—f,?zz?—f+2 , b,= 27-7+5 k
a,-a, =(1-7+2k) - QT -])=-7+2%
Tk
and 5, xB,=[2 1 -3|=27+47
2 2 -5

B, x B, |=A[4116 =4[20 =245
(a,-a)(B,xb,) = (7+2%). (27 + 47)

) (F xTF )
.. The require shortest distance = I( i |a%)1 x(?b21| i b2)| = ‘ 2\/?‘ = i \/1?i unit
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Ex.4) Show thatlines 7=(7+ 7+ %)+A27-27+%) and 7 =(47+37+2 k) +pn(F -2 7 +2
/]}) intersect each other.
Solution :
Lines 7='a +A b and 7 ="a,+A, b intersect each other if and only if
(?2_?1)'(?3(?2) -
Here @,= 7+7-%, a,=47-37+2% B,= 1-27+2%
a,-a,=37-47+3%
343
((a,=a).(b,xb,) =[2 -2 1[=3(2)+4(3)+3(-2)=—-6+12-6=0
2 -2 2
Given lines intersect each other.
Ex.5) Find the distance between parallel lines 7 =27 — [+ %)+A(27+ 7 —2%) and
T=(T-F+28)+p2T+ 7-2%)
Solution :
The distance between parallel lines 7 ="a +A b and 7 ="a +L b is given by
d=|(a,—a)xbl
Here a = ?—f+']}, ?22 ?—f+2/l}, b= 2?+f—2/1€
[ — AA ~ AN A A A 2/'\— A+2A
a—-a=(1-j+2k)- 2i-j+k)=-T+kand b= : ]3 k
11 é kl 1 PR 1
(ama)xb=ly | L7310 1|30
333 2 b=
d=|Ca,—a)xp|= unit
Exercise 6.2 :
x+1 y-3 z+2
1) Find the length of the perpendicular from (2,-3,1) to the line =3 =
2) Find the co-ordinates of the foot of the perpendicular drawn from the point

27=7+5% to the line 7=(117-27-8%) + L(107 -4 7 —11%). Also find the length
of the perpendicular.
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3)

4)

5)

Ex. 1)

Ex. 2)

Ex. 3)

x—1 y+3 z+10
Find the perpendicular distance of the point (1,0,0) from the line =T33

Also find the co-ordinates of the foot of the perpendicular.

By computing the shortest distance, determine whether following lines intersect each
other.

D T=(T-7)+QT+k) and T=Q7-7) + n(27+7-%).
x=5 y=-7 z+43 x—-8 y-7 z-5

L N A

x—1 y+1 z-1 x-3 y-k =z
If lines = = and = =— intersect each other then find £.
2 3 4 1 2 1

Find the vector equation of the plane passing through the point having position
vector 27 +37 +4% and perpendicular to the vector 27+ 7 +2%.
Solution :
We know that the vector equation of the plane passing through A4 ("a’ ) and normal to
vector 7 is given by 7-n = a-n
Here a = 2?—3]"\+4/I€, W=27-7+2%
T = (27-37+4%)(27-F+2%) = 4+3-8=—1
The vector equation of the plane is 7 - (2f—f+2ll\c) =-1

Find the Cartesian equation of the plane passing through A(1, 2, 3) and the direction

ratios of whose normal are 3, 2, 5.

Solution :

The equation of the plane passing through 4 (x,, y, z,) and normal to the line having

direction ratios a,b,c is a(x-x,) + b(y—y,) + ¢(z-z,) =0

Here (x,y,, z,) = (1,2,3) and direction ratios of the normal are 3,2,5.

The Cartesian equation of the plane is 3(x—1)+2(y—2)+5(z—3)=0
3x+2y+5z-22=0

The foot of the perpendicular drawn from the origin to a plane is M (2,1,-2). Find

vector equation of the plane.

Solution :

OM is normal to the plane.

.. The direction ratios of the normal are 2,1,-2.
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Ex. 4)

Ex. 5)

The plane passes through the point having position vector 2?+f—2/l} and vector OM=
=27+ 7 - 2 % is normal to it.

Its vector equation is 7-n = a-n

TR+ -2k) =2+ F2k)QiT+ ]2 %)

727+ 72 7%)=9

Find the vector equation of the plane passing through the point A(-1,2,-5)an

N

parallel to vectors 4 7—7+3% and 7+ —%.

Solution :

The vector equation of the plane passing through point A("@) and parallel to » and

FIRTS

r.(bxa)=a.(bxc)

Here @=-7-27-5% b=47-7+3%, ¢c=71-7-%
P

hbxc =4 -1 3|=27-77+5%k
1 1 -1

T (bx<C)=(T-2]+5%)(27+77+5%) = -9

The required equation is 7 - (<27+77+5%) = -9

Find the Cartesian equation of the plane 7 =(7— )+ A (7 + ]+ k) +w(7+27+3%)
Solution :

Given plane is perpendicular to vector 77, where

[— K.,)

W =DbxC= =574+27+3%

—_ =~y
W =

-2
. The direction ratios of the normal are 5,-2,-3.

And plane passes through A4(1,-1,0).
. Its Cartesian equation is a(x—x )+ b(y-y,)+c(z—z;) =0
S5 =1)-2(y+1)-3(z-0)=0
o 5x=2y-3z-7=0
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Ex. 6) Find the vector equation of the plane passing through points 4(1,1,2), B(0,2,3)
and C(4,5,6).

Solution :

Let @, b and ¢ be position vectors of points 4, B and C respectively.
@ = T+ 7+2% b=2j+3k, c=47+57+6%.

L h-ad=—T+7+ % and cT-a=3 ?+4f+4/l}

~>

. (b-a(c-a)=|""

%
Y77 7%
3 4

A= <y

The plane passes through @= 7+7+2% and 77 —7 % is normal to the plane.
-, Its equation is (7 =a) (77 -7%)=0

L[ T(P+ T2 077 -Th)=0

L TL.A7-TH=G+ T2 0.(77-Th

. 7 .(1]-7%)= -7 is the required equation.

Ex.7) Find the vector equation of the plane which is at a distance of 6 unit from the
origin and to which the vector 27— +2% is normal.

Solution :
Here p=6 and 77 = 27-7 2% .. [7] =3
A T 27-T42%
.nE= =
[n] 3
The required equation is 7 - n=p
_(27-F2% )
. r - 3

/\/\

T-7+2%) =18
Ex. 8) Find the perpendicular distance of the origin from the plane x—-3y+4z—-6=0.

Solution :
First we write the given Cartesian equation in normal form.
i.e. in the form Ix+my+nz=p

Direction ratios of the normal are 1,-3,4.
-3

1 4
\[26 7 A[26 T [26
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.. direction cosines are




Given equation can be written as

| 3 4 6
26 260 N2 . 26
6

.. The distance of the origin from the plane is \/_2_6 .

Ex.9) Find the co-ordinates of the foot of the perpendicular drawn from the origin to
the plane 2x+y—-2z=18

Solution :

The Direction ratios of the normal to the plane 2x+y—2z =18 are 2,1,-2.

o . 2 2
.. direction cosines are — , —, —— .
3 3 3
2 1 2
== m==,n=-=
3 3 3
. . .. 2 1 2
The normal form of the given Cartesian equation is 3 X + 3 y ~3 z=6
L p=6

The coordinates of the foot of the perpendicular

(Ip.mp.np) = |:6 (5).6(5).6 (—%)] = (4,2, -4

Ex. 10) Reduce the equation 7 -(3 T—47 +12/I})=8 to the normal form and hence find
i) the length of the perpendicular from the origin to the plane

ii)direction cosines of the normal.

Solution :
Here 7 =37-47+12% =~ [7] = 13

— (37-47 % 8
The required normal form is 7 Bi-4/+12k0) _ 2
13 13
1) the length of the perpendicular from the origin to the plane is el
if)direction cosines of the normal are T, 7= h
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1))

2)
3)

4)
S)

6)

Ex. 1)

Ex.2)

Exercise 6.3 :

Find the vector equation of a plane which is at 42 unit distance from the origin and
which is normal to the vector 2 ?+]"\—2ll€.

Find the perpendicular distance of the origin from the plane 6x—2y+3z—-7=0.
Find the coordinates of the foot of the perpendicular drawn from the origin to the plane
2x+6y—3z=063.

Find the vector equation of the plane passing through the point having position vector
T+7- % and perpendicular to the vector 47 +5 7+6 %.

Find the Cartesian equation of the plane passing through 4(-1,2,3) and the direction
ratios of whose normal are 0,2,5.

Find the Cartesian equation of the plane passing through 4(7,8,6) and parallel to the
XY plane.

A

—J+2k)=8and 7- (=27-F +%) = 3.

N~

Find the angle between planes 7 -( !

Solution :

N

Normal to the given planes are 7 = 1+ 7-2% and n, = 27 +7+ k%

The acute angle 0 between normals is given by

ny. 71
COS@ = |———
| nl, [nl,
(T-T+28)(=2T+7+%) 3
. cos0 = =—=—
A6 /6 6 2
1 o
. cosO=— .0 =60 =%

The acute angle between normals 7', and 7, is 60°
. The angle between given planes is 60°

»
4

~>

Find the angle between the line 7 -( -7 +/I}) + A ( -7 +?c) and the plane 7 .

Q27T-J+%k)=8
Solution :
The angle between the line 7 = ‘a,\. b and the plane 7.7 =d is given

by sinf = ‘

b . n
D] [n]

Here 5 = 74/ +k and 7 =27—7+%
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VB = (P R)-QE+ +E) = 2-1+1=2
B =1+1+1 =/ 3 and [n] = \[4+1+1 =4/ 6
2 42
N3IAN6 T3
N2
. sin@7! = (—)

3

sin9=‘¥
ARa

Ex. 3) Find the distance of the point 4 #-37+2% from the plane 7 - (-2 T—J+2 ?{) = 6.
Solution :

Here @ = 47+37+2% , n =27 +7+2%

o] = NE-02+(1)2+(-2)2= 3

3

~

The normal form of the equation of the given plane is

Foe— " - Lp=2
3 o
Now, @. n = (47-37+27%). (2”;—”")
(47-37+2%)-(27+7-2%) 15 S
3 3

|a@.n=-5
The required distance is given by |p—7.2 |=|2—(=5)|=7

Therefore the distance of the point 4?—3f+2?c from the plane 7. (—2?+f—2’/}):6
is 7 unit.

Exercise 6.4

1)Find the angle between planes 7. (7 + ]/'\+2/l€)= 13 and r. (2?—f+ ’/})=31.
2)Find the acute angle between the line 7.=(7 +2 7+2 /IE) +(27+3 7-6 /IE) and the
planer 7.27 —J + k )=0.
3)Find the distance of the point 4737 + % from the plane 7.(27+3 f—6ll}):2l.
4)Find the distance of the point (1,1,—1)from the plane 3x + 4y—12z+20=0.
RS
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(7. Linear Programming Problem)

Linear inequation in two variables :

A linear inequation in two variables x, y is a mathematical expression of the form ax + by <
c or ax + by > ¢ where a # 0, b # 0 simultaneously and a, b € R.
Convex set :

A set of points in a plane is said to be a convex set if line segment joining any two points
of the set entirely lies within the set.

he following sets are convex sets : The following sets are not convex sets :
- . ; B
' ’
Note:
1) The convex sets may be bounded. i1) Convex sets may be unbounded.

Following are bounded convex sets.
Y

—_— N W A =
—_— N W A

B

-10 12345X_3_2_10 123X

Note :

1) Graphical representations of X < h and x > h On the Cartesian coordinate system.
Draw the line x = h in XOY plane.
The solution set is the set of points lying on the Left side or Right side of the line

X = h.

YT x<h Yl x>h
«— N
- —
- | —

L

: X S - X

0| «— .
<] —
b
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2) Graphical representation of y < k and y > k on the Cartesian coordinate system. Draw
the line y = k in XOY plane.

The solution set is the set of points lying below or above the line y = k

: 11t

IE

o X 0 X

Y

3) Graphical representation of ax + by < 0 and ax + by > 0 on the Cartesian coordinate
system. The line ax ¢ by = 0 passes through the origin, see the following graphs.

<> 1Y S
2, )
K o
0 n
% ¥ \\\\
4 N
Ex. 1. Show the solution sets for the following in equations graphically.
ay=>-2 b)2x3y>6
Solution :
a) Todraw : y > -2 ; Draw liney = - 2 Y

10| 1 2 3 4 X

£

y>-2

b) To draw : 2x + 3y > 6; Draw line : 2x + 3y = 6

L x [ Y [ @y
; \QQ 3 (3,0)
2x+3y=6 7 0 )

1 o1 2 A 0,2)

(e)

2x + 3y (0, 0) = 0 < 6. Therefore, the required region is the non-origin side of the
line.
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Ex. 2 : Find the common region of the solutions of the inequations x + 2y > 4,2x -y <6.

Solution : To find the common region of : x + 2y >4 and 2x —y < 6

Draw the lines : x + 2y =4 and 2x —y =6

Ex. 2. Find the graphical solution of 3x + 4y

Equation of Line X Y Line passes through (x, y) Sign | Region
x+2y=4 4 0 (4, 0) Non-origin
> |side

0 2 0, 2)
2x—y=6 3 0 3,0) - Origin side

0 —6 (0,-6) B

Y
! /

3 2x-y=6

<12,and x - 4y <4

Solution : To find the graphical solutions of : 3x + 4y < 12 and x — 4y < 4
Draw the lines L, : 3x + 4y = 12 andLZ:x—4y=4

1
Equation of Line X Y Line passes through (x, y) Sign | Region
3x+4y=12 4 0 4,0) S Origin side
0 3 ©,3)
X—-4y=4 4 0 4,0) < Origin Side
0 -1 0, -1)

The common shaded region is graphical solution.
Y/\

5
4
™
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Exercise 7.1

1) Solve graphically :

)x >0 i) x <0 i) 2x —3 >0 iv) Sy +3<0

V) x+2y<6 vi)5x -3y <0
2) Solve graphically : i)2x+y>2andx -y <1 1d)x—-y<2andx +2y<8
Definition : A solution which satisfies all the constraints is called a feasible solution.

Ex 1. Find the feasible solution of the system of in equations 3x + 4y > 12, 2x + S5y>10,

xX>20,y>0
Equation of |Draw line X Y Line passes Sign Region
Line through (x, y)
3x+4y=12 |L,:3x+4y= 4 0 4,0) Origin side
12 2
0 3 0, 3)
X-4y=4 |L,:2x+5y | 4 | O (4, 0) Origin Side
=10 <
0 -1 0, -1)

Solutions : Common shaded region is the feasible solution.

3x+dy=12

LA

Ex. 2 : A manufacturer produces two items A and B. Both are processed on two machines
I and II. A needs 2 hours on machine 1 and 2 hours on machine. II B needs 3 hours
on machine I and I hour on machine II. If machine I can run maximum 12 hours per
day and II for 8 hours per day, construct a problem in the form of in equations and
fined its feasible solution graphically.

Solution : Let x units of product A and y units of product B ne produced.
x>20,y>0

Tabular form is:
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Machine | Product A (x) | Product B(y) Availability
I 2 3 12
II 2 1 08

Inequations are 2x + 3y < 12, 2x +y <8, x>0,y > 0.

To draw graphs of the above inequations:

To draw Draw line X Y Line passes Sign [ Region lie
through on

2x+3y<12 |L, : 2x + 3y 0 4 0,4) § Origin side
=12 B of Line L,

6 (6,0)
2x+4<8 L, 0 0, 8) § Origin side
B of Line L,

2x+4=28 4 0 (4, 0)

The common shaded region OABCO the feasible region.
Y

2x+3y=12

1
LN
.'-ac.—uu.n/‘u-ox\looﬂ

I) Find the feasible solution of the following inequations graphically.
1) Solve graphically
2) Solve graphically
3) Solve graphically :
4) Solve graphically :
5) Solve graphically :
6) Solve graphically :

Standard - XII :

A
1 2 3“4\5“6\x

Exercise 7. 2

:XxX—y<2and x +2y <8
:x+y=>26and x +2y <10
2x + 3y <6 and x + 4y > 4
2xty2>25andx -y <1
2x +3y <6, x+y=>22,x>20,y>0

2x+ty22andx -y <1
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Linear Programming Problems (L.P.P.)

Linear Programming is used to minimize the cost of production and maximizing the profit.
These problems are related to efficient use of limited resources like raw materials, man-power,
availability of machine time and cost of the material and so on.

Linear Programming problems are also known as optimization problems. The mathematical
programming involves optimization of a certain function, called objective function, subject to
given conditions or restrictions known as constraints.

Meaning of L.P.P.

Linear implies all the mathematical functions contain variables of index of most one. A
L.P.P. may be defined as the problem of maximizing or minimizing a linear function subject
to linear constraints. These constraints may be equations or inequations.

Terms related to L.P.P.
1) Decision variables : The variables involved in L.P.P. are called decision variables.

2) Objective function : A linear function of variables which is to be optimized, i.e. either
maximized or minimized, is called an objective function.

3) Constraints : Conditions under which the objective function is to be optimized are called
constant. These constraints are in the form of equations or inequations.

4) Non-negativity constraints : In some situations, the values of the variables under
considerations may be positive or zero due to the imposed constraints. Such constraints
are referred as non-negativity constraints.

Mathematical formulations of L.P.P.
Step 1) : Identify the decision variables (x, y) or (x,, x,)

Step 2) : Identify the objective function and write it as mathematical expression in terms of
decision variables.

Step 3) : Identify the different constraints and express them as mathematical equations/
inequations.

Note : 1) We shall study L.P.P. with at most two variables
i1) We shall restrict ourselves to L.P.P involving non-negativity constraints.

Ex. 1 : A Toy manufacture produces bicycles and tricycles, each of which must be processed
through two machine A and B, Machine A has maximum of 120 hours available and
machine B has a maximum of 180 hours available. Manufacturing a tricycle required

6 hours on machine A and 3 hours on machine B. If profits are Rs. 65 got s bicycle
and Rs. 45 for a tricycle, formulate L. P.P to have maximum profit.
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Solution: Let z be the profit, which can be made by manufacturing and selling x tricycles
and y bicycles. x 2 0,y > 0

Total Profit z = 45x + 65y .. Maximize z = 45x + 65y

It is given that

Machine | Tricycles (x) [ Bicycles (y) Availability
A 6 4 120
B 3 10 180

From the above, remaining conditions are 6x + 4y < 120, 3x + 10y < 180

The required formulated L.P.P. is as follows : Maximize z = 45x + 65y, Subject to the
constraints
6x + 4y <120, 3x + 10y £ 180, x >0,y >0

Ex. : 2 A company manufactures two types of toys A and B. Each toy of type A requires 2
minutes for cutting and 1 minute for assembling. Each toy of type B requires 3 minutes
for cutting and 4 minute for assembling. There are 3 hours available for cutting and 2
hours are available for assembling. On selling a toy of type A the company gets a profit
of Rs.10 and that on toy of type B is Rs.20. Formulate the L.P.P. to maximize profit.
Solution : Suppose, the company manufactures x toys of type A and y toys of type B. Means,

x>20,y>0
Let P be the total profit
On selling a toy of type A, company gets Rs. 10 and that on a toy of type B is Rs. 20

.. total profit on selling x toys of type A and y toys of type B is p = 10x + 20y.

. maximize p = 10x + 20y :

The conditions are : 2x + 3y <80, x + 4y <10, x>0, y=>0

Formal definitions related to L.P.P.

1) Solution of L.P.P. : A set of values of the decision variables X Xgy vevnennns xn which
satisfy the conditions of given linear programming problem is called a solution to that
problem.

2) Feasible solution : A solution which satisfies the given constraints is called a feasible
solution

3) Optimal feasible solution : A feasible solution which maximizes or minimizes the objective
function as per the requirements is called an optimal feasible solution.

4) Feasible region : The common region determined by all the constraints of the L.P.P. is
called the feasible region.
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Solution of L.P.P : Graphical method

A set of values of the variables which satisfies all the constraints of the L.P.P. is called the
solution of the L.P.P.

Optimum feasible solution :

A feasible solution which optimizes (either maximizes or minimizes) the objective function of
L.P.P. is called optimum feasible solution

Theorem 1 : The set of all feasible solutions of L.P.P. is a convex set.

Theorem 2 : The objective function of L.P.P. attains its optimum value ( either maximum or
minimum) at least at one of the vertices of convex polygon. This is known as
convex polygon theorem.

Corner — Point Method :
1) Convent all inequations of the constraints into equations.
2) Draw the lines in X — Y plane
3) Locate common region indicated by the constraints. This common region is feasible
region.
4) Find the vertices of feasible region

5) Find the value of the objective function z at all vertices of feasible region.
Solve graphically the following Linear Programming Problems:
Example 1 : Maximize : z = 9x + 13y subject to 2x + 3y < 18, 2x + y <10, x 20, y > 0.
Solution : To draw 2x + 3y < 18 and 2x + y < 10

Draw line 2x + 3y= 18 and 2x + y = 10

To draw X y Line passes through | Sign Region lie on
L, 0 6 (0, 6) Origin side of Line L
2x+3y=18 <
9 0 9,0)
L, 0 10 (0, 10) Origin side of Line L,
<
2x+y=10 5 0 (5, 0) -
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The common shaded region is feasible region
with vertices OA (0, 6) B (1, 5), C (0, 10),
Form the table, minimum value of z = 15,
occurs at B (1, 5) i.e. whenx =1,y =5

10
X' 0 5 o, 0)'\ X

2x+y=10
YV
\ 4
(x,y) Vertex of S Value of z = 9x + 13y at (x, y)
0(0, 0) 0
A5, 0) 45
B(@3,4) 79
C(0,06) 78

From the table, maximum value of z = 79, occurs at B (3, 4) i.e., when x = 3,y = 4.
Example 2 : Minimize : z = 5x + 2y subjectto 5x +y 210, x +y>6,x>20,y > 0.
Solution : To draw 5x +y > 10and x +y > 6

Draw line 5x + y=10and x + y =6

To draw X y Line passes through | Sign Region lie on
L :5x+y=10 0 10 (0, 6) Origin side of Line L,
<
2 0 9, 0)
L2 0 6 (0, 10) Origin side of Line L2
<
2x +y=10 6 0 (5, 0) -
Y
i
\ The common shaded region is feasible region with vertices
*3 A (6, 0), B (1, 5), C (0, 10),
Form the table, minimum value of z = 15, occurs at
e N\ B(,5ie whenx=1,y=5
0 5 \ X
Ly
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(x,y) Vertex of S Value of z=5x + 2y at (x, y)
A (6,0) 30
B (1,5) 15
C (0, 10) 20

Example 3 : Maximize z = 3x + 4y subject tox —y >0, —x + 3y <3, x>0,y >0

Solution To draw x —y >0 and — x + 3y < 3. Draw line x —y =0 and — x + 3y =3

To draw Draw line X Y | Line passes | Sign Region lie on
through
xX—-y=>0 L :x=y 0 0 (0,0) > A side
1 (1, 1)
x+3y<3 |L,:—x+3y=3| 0 1 0, 1) < | Origin side of Line L,
-3 0 (-3,0)

From graph, we can see that the common shaded area is the feasible region which is unbounded
(not a polygon). In such cases, the iso-profit lines can be moved away form the origin indefinitely.

There is no finite maximum value of z within the feasible region.

Example 4 : Maximize : z = 5x + 2y subject to 3x + S5y < 15, 5x + 2y <10, x>0,y > 0.
Solution : To draw 3x + 5y < 15 and 5x + 2y < 10, Draw line 3x + 5y = 15 and 5x + 2y = 10

To draw X Y | Line passes through | Sign Region lies on
% y)
L :3x+5y=15 5 0 (5,0) < | Origin side of Line L,
0 | 3 0, 3)
L,:5x+2y=10| 2 0 (2,0) < | Origin side of Line L,
0 | s ©, 5)
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The shaded region O A B C is the feasible region with the vertices

20 45
0(0,0,AQ2,0,B|—= —].,C(0,3
(0, 0), A (2, 0) (19 19) (0, 3)

)

Z=0,7Z

=02, =10,Z,=10,Z =6

Maximum value of z occurs at A and B and is z = 10
Maximum value of z occurs at every point lying on the segment AB
Hence there are infinite number of optimal solutions

Note : If the two distinct points produce the same minimum value then the minimum value
of objective function occurs at every point on the segment joining them.

Sx+2y=10

o
“/.‘?’V‘i‘ﬁ

Exercise 7.3

Solve the following L.P.P. by graphical method :
1) Maximize : z= 11x + 8y subject tox <4, <6, x +y<6,x>20,y>0
2) Maximize : z = 4x + 6y subject to 3x + 2y < 12, x +y >4, x,y >0
3) Maximize = z = 7x + 11y subject to 3x + 5y <26, 5x + 3y <30, x>0,y >0

4) Maximize : z= 10x + 25y subject to 0 <x < 3,0 <y <3, x +y <5 also find maximum
value of z.

5) Maximize : z = 3x + Sy subject to x + 4y <24, 3x + y <2, x+y <9, x>0,y>0

6) Minimize : z = 7x +y subjectto Sx +y>5,x+y >3, x>0,y > 0.

7) Minimize : z = 8x + 10y subject to 2x + y > 7, 2x +3y 2 15,y >22, x>0,y =2 0

8) Minimize : z = 6x + 21 y subject tox + 2y 23,4y >4, 3x +y >3, x>0,y >0
RS
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(Answer Key (Part - I))

Exercise 1.1
1) 1) p : A triangle is equilateral, ¢ : A triangle is equiangular. Symbolic form : p <> ¢
1) p : Price increases, ¢ : Demand falls. Symbolic form : p A q
2) i) T )T i) T
3) i) (p Aq) Vv F ii) Madhuri has curly hair or brown eyes. 1iii)) ~p Vv (q A t)
iv) 'Shweta is a doctor and Seema is a teacher.' v) pv ~p=T
Exercise 1.2
) )T )T )T iv)y T v) T wvi)T
2)i) dn € Nsuchthatn +7<6
i1) The kitchen is not neat or it is not tidy
iil) Some students of this college do not live in the hostel
1v) 6 is not an even number and 36 is not a perfect square
v) Diagonals of a parallelogram are perpendicular but it is not a rhombus.
vi) Mangos are not delicious or they are not expensive.

vii) A person is rich and not a software engineer or a person is a software engineer and
not rich.

Exercise 1.3

) 1)) ~@vVvq) =~pn~q (FFFT)

i) poq=({p—>q9 A(q—>p) (TFFT)

ii) pAq=~(p—>~q) (TFFF)

) ~pAg=(vVqg r~p (FFTF)

V) 0 Aq) > r=p— (¢ — r) (TFTTTTTT)

vi) p>g=@nrq) Vv (~pn~q) (TFFT)

viil) p A @) v ~ g =p v ~ q (TTFT)
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2) i)

iii)

@ —q) < (~pvq) TTTT, Tautology

i) (p A ~q) < (p > gq) FFFF, Contradiction

iil)) ~ (~ p ~ q) q TTTF, Contingency

iv) (p A q) v (p A 1) TTTFFFFF, Contingency

v) pvg vr<pvi(gyvr) TTTTTTTT, Tautology
vi) [(p = q) A q] > p TTFT, Contingency

'If two triangles are congruent then their areas are equal.'
Converse is ¢ — p : If areas of two triangles are equal then they are congruent.
Inverse is ~ p — ~ ¢ : If two triangles are not congruent then their areas are not equal.

Contra positive is ~ ¢ - ~ p : If areas of two triangles are not equal then they are
not congruent.

If it rains then the match will be cancelled.”

Converse is ¢ — p : If the match is cancelled then it rains.

Inverse is ~ p — ~ ¢ : If it does not rain then the match will not be cancelled.
Contra positive is ~ ¢ — ~ p : If the match is not cancelled then it does not rain.
'"If an angle is right angle then its measure is 90"

Converse is ¢ — p : If the measure of an angle is 90°, then it is a right angle.
Inverse is ~ p — ~ ¢ : If an angle is not a right angle, then its measure is not 90°

Contra positive is ~ ¢ — ~ p : If the measure of an angle is not 90°, then it is not a
right angle.

'If a sequence is bounded, then it is convergent.'
Converse is ¢ — p : If a sequence is convergent, then it is bounded.
Inverse is ~ p —> ~ ¢ : If a sequence is not bounded, then it is not convergent

Contra positive is ~ ¢ — ~ p : If a sequence is not convergent, then it is not bounded.

v) 'If x < y then x* < y*

Converse is ¢ — p : If x>’ <)? then x < y
Inverse is ~p — ~ ¢ : If x > y then x> > )?

Contra positive is ~ g — ~ p : If x>> )? then x > y
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Exercise 2.1

. 45 -1 -6 —1]
D I)A~[3 1] i) 8 [2 5 4
gl | 1 -1 3 1 -13
iii) 4 ~ 023 ivy4~12 1 0Of|and |2 1 0
9 9 3 1512 3
2) i) k=-3 Ha=t1
4) ii) and iii) invertible. 5) AB = [11 3] and (4B) ' = [ 1 —3]
32 7 11
6) - 7) i) A,=4, 4,=3,4,=-2,4,=-1

i) A, =-1,4,=-4 4, =-3,4),=1

SN I RN I I E _31 (1)2]

3 -1 . 17 1 .y [ cos® sind
?) 2 1 ] 10y 3 1 ) [—sinﬁ cos0
: 17 17
13 2 -7
1) 1-3 -1 2 12)i))x=4y=-3 i)x=1,y=1,z=1
[ -2 0 1]

13) )x=0,y=1 i)x=-3,y=4,z=-2

Exercise 3.1

1 l)Oz%andE):ST 2)9:%and9:7—6n,
3)6:5—6"ande=l6“ 4)6:7—6nand6:L6n

2) DO=nm+ (= 2)0 = 2nm = =
3)6:n%0r9:n 4)6:nni%,neZ
5)0=nnor0=nt+0=2nn 6)6=n—2nor9=n—2n+%

Exercise 3.2
1) a:b:c=1:~3 2
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Exercise 3.3

T 27 3n _1 _ 1
) 1) T 2) 3 3) 5 6)x—6 7)x—\/?
Exercise 4.1
1) 6x*+xy—3*=0 2)xy =0 32 -12=0
Hx-2y) (x+2»)=0 5)k=0 6) k=4

7) Hint; show that abc + 2fgh — af — bg” — ch* = 0

8) 1) 6x> = 5xy +*=0 i) 3x* -3 =0 dii)xy-2x—y+2=0
9)3x+2y=0andx -4y =0

10) k = -1 11) 300

12) 3x2 + 8xy + 6P — 16 =13y + 5= 0
13)x-y-3=0and x -2y -4 =0

14) K = —12
15) 3x* + 8xy + 55 =0
16) k=2
17) 25a + 16b = 40h
19) x> = 3> =0
Exercise 5.1
1) b=-2a 11) 60° 20) 9 sq. units
2) Find 4B AC and find relation. 12) % 21) 9
3) %(?—ﬁwaﬁ B%%Q?—Zf+ﬂ 22) Use midpoint formula
o 2 2 1
4) (i) 6 (ii) 5 4T, 5. -3 23) 1
1 1 2 2
5) A=3 15) 0, — , — 24) use cos® o + cos” B
\/? \/7 + COSZ ,Y =1
6) ()5:1(G)p=—449=9 16) /168 25) (0, 2, 3)
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7)p=—1,q=—3,r=% 17) + 60 26) 110

8) — 197 + 87 — 21 18)\/%3 sq units 27) % cu. unit
9) 18 19) 4, -4, 4

Exercise 6.1
) r=@C20+7+0+r@i -7 +28) 2 F=@1+4] -7k + 1 (3T -5/ + 8k

N r=Gi+4] +30)+ A (3T +47+20) Hr=CF+2]+30)+r@i+ -3k

x—2 y—-2 z-1

5Y7=(1 -] +2B)+r BT +2] + ) 6) == = =~ =

Exercise 6.2

H R D, 23, VE 3276, 3 4, 2
4) a) do not intersect b) do not intersect 5) %
Exercise 6.3
— 18 54 =27
) 7-Qf+ 7 +2k)=126 2) 1 3)(7, =, 7)
— N A
47 @47 +5] +6k)=15 5)2y + 5z=19 6)z=6
Exercise 6.4
. 5 19
0 1 -
1) 60 2) sin ( 7 \/5) 3) 4 4) B
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